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An abelian variety over a field k is a smooth, geometrically integral, projective group scheme A over
k. In other words, it is a projective scheme A equipped with the addition operation + : A x A — A and
the inverse map ¢ : A — A that are both morphisms of varieties. The projectiveness of A forces the group
operation to be commutative (see [Mil08, Cor 1.4]).

Typically, the endomorphism ring of an abelian variety over C with dimension g is Z (with the
multiplication-by-n map being the only endomorphisms). However, in the extreme case, it can be an
order of a number field of degree 2g. The goal of these notes is to develop the theory about such abelian
varieties.

61 Abelian Varieties as a Complex Torus

Let A be an abelian variety over C of dimension n. Note that A is a complex Lie group. Thus, we have the
exponential map
exp:C"~T.,A — A,

which oen can show that it is a covering map. The kernel of this map is a discrete subgroup of C™, so it is
a 2n-dimensional lattice A. In particular, we deduce that

’ A ~ C"/A for some lattice A C C" ‘

(isomorphic means as complex manifolds). In other words, an abelian variety with dimension n is holo-
morphic to a complex n-torus.

Suppose we have two abelian varieties A and B of dimension n. Thus A ~ C"/A 4 and B ~ C"/Ap
for some lattices A4 and Ap. Then any homomorphism A — B (by that we mean maps A — B that
preserves group operations) correspond to a holomorphic map on C"/A4 — C"/Ap. It is not hard to
check that a biholomorphic map between two complex tori are linear. In particular, we deduce that

‘ {homomorphisms A — B} <— {C-linear maps C" — C" that sends Ay — Ap} ‘

A morphism A — B is an isogeny if it has a finite kernel, ie., it is a C-linera map that induces an
isomorphism in A4 ®z Q — Ap ®z Q. Two abelian varieties A and B are isogenous if there exists an
isogeny A — B, which is equivalent to that A4 ®7z Q ~ Ap ®z Q, so this is a symmetric relation.

~ Example 1 (Complex torus with endomorphism ring Z[(s]).

Let (5 = exp(2mi/5). Consider the quotient of C? by the lattice

A:Spall{(C5»C§)a (Cgvcé)a (C537C5)a (Cgacg)}

Then the linear map (z,y) — (Csz, (2y) is an endomorphism of C2/A. In particular End® C2/A
contains Z[(5]. where the element (5 correspond to the map in the previous sentence.
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The previous example shows how higher-dimensional complex torus can have endomorphism ring be
a number field of degree larger than 2.

~ Example 2.

More generally, let £/Q be a CM field of degree 2n. Thus, there are 2n embeddings £ — C
coming in n conjugate pairs. Pick a representative from each pair, giving embeddings o1, ..., op.
Let I be an ideal in Og. Consider the complex torus A obtained by taking quotient of C™ with
the lattice

A = Span{(o1(),...,on(a)) : @ € L},

which has dimension n because the image after tensoring with C is the span of o1 (), o1 (), ...,
on(@), on(a).

The endomorphism ring End A contains the map (z1,...,2,) — (o1(@)z1,...,00()xy)
for each o € Og. Thus, End® A contains E (in fact, it is equal to F).

The set of embedding ® = {01,...,0,} is called a CM type.

§2 Riemann Form

Are all complex tori abelian varieties? Unfortunately, the answer is no.

The reason for this is we need an ample line bundle £ on the complex torus C"/A. This ample line
bundle has the Chern class ¢, (£) € H?(C"/A,Z), coming from the boundary map

HY(C"/A,0%) — H*(C"/\,7Z)

in the exact sequence
o
07— 0 72C™) gx g,

Since H2(C"/A,Z) ~ \> H'(C" /A, Z), the Chern class corresponds to an alternating pairing
Ax A~ H(C"/A,Z) x Hi(C"/AN,Z) — Z,
and tensoring with R gives an R-linear alternating pairing
C"xC"~A®zR)x (A®zR) —» R

that sends A x A — Z. This alternating pairing gives the Riemann form below, where the complex
structure of Chern class gives (c) and the ampleness gives (d).

~ Theorem 3.

A complex torus C" /A is an abelian variety if and only if there exists a Riemann form, which
is a R-linear pairing ¢ : C" x C"™ — R such that

(@) Y(a,B) € Zforalla, 8 € A.

(b) 1 is alternating: (v, w) = —¢(w, v) for all v, w € Ag;
(c) Y(iv,iw) = Y(v,w) for all v, w € Ag;

(d) ¥(v,iv) > 0 for all nonzero v € Ag.

(Here, multiplication by ¢ is done coordinate-wise.)
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Note that in the first condition, it suffices that ¥(«, 8) € Q, and then we can scale i) by a
positive integer amount.

~ Example 4.

The quotient of C2 by the lattice
A= Spa‘nZ{(17 O)a (Zv O)a (\/ﬁv Z)7 (Oa 1)}
does not admit the Riemann form. To see why, let e; = (1,0) and e5 = (0, 1). Then

Y(V10e; + iea,ier) = V109(e,ier) + p(ies, ie;)

€%

= V10 tp(e1,ier) +(ea, 1),
—_—

€L €Z

so ¢(ey,ie1) = 0, contradicting positive-definiteness.

The above example shows that a random complex torus is unlikely to be an abelian variety. We now
show that the complex torus in Example 2 is indeed an abelian variety.

-/ Proposition 5.

Let E£/Q be a CM field of degree 2n and ® = {oy,...,0,} be a CM type. Let I be a fractional
ideal in E. Then the complex torus A obtained by taking quotient of C™ with the lattice

A={(o1(),...,on(a)) : x € T}.

is an abelian variety.

» Proof. Let P, = (01(),...,on(a)).

We claim that this admits a Riemann form given by

U(z,y) =Y Re(ok(t)erTr)
h=1

for some t € E. We note that

« for any o, f € E, we have

n

U(Pas B) = S Re(oy(taB)) = 5 O (on(taB) +7(taB) ) = 5 Trijq(taB) € Q.

k=1 k=1

DN |

so condition (a) is automatic.

« if ¢ is purely imaginary, then o (t) is also purely imaginary, so

DN | =

Y(x,y) = 5 Y o) @k — Tryr) = —¥(y, ),
k=1

so condition (b) is satisfied.
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« the condition ¢ (z,y) = ¥ (ix, iy) holds regardless of ;

« we have

Y(x,iz) = Y Re(—iop(t)|zal*) = Y Im(ox(t))|zx|”
k=1 k=1
which is positive if Im(o4(t)) > Oforallk =1,2,...,n.

Thus, we have to find ¢ € F purely imaginary such that o, (Im¢) > 0 for all K = 1,2,...,n. This can

be done by the weak approximation theorem by choosing u to be close to 7 at places 01, ..., 0} and then
take ¢ = 5%, O
¥ Remark 6.

One can check that all Riemann forms must be of the above form, up to scaling.

63 Poincaré Reduciblity Theorem

Abelian varieties can be uniquely decomposed to product of abelian varieties as follows.

- Theorem 7 (Poincaré Reducibility Theorem).

Every abelian variety A is isogenous to a product
n n
B x - x B.F
where B; are simple (i.e., no nontrivial abelian subvariety) and no two of B; and B; are isoge-

nous. Moreover, this decomposition is unique up to permuting factors and replacing B;’s with
isogenous varieties.

» Proof Sketch. 1t suffices to show that if B is a subvariety of A, then there exists an abelian variety B’
such that A is isogenous to B x B’. This is done by taking orthogonal complement with respect to the
Riemann form. O

We now use this to study endomorphism rings of abelian varieties. Let End® A = End A ®7 Q.

~ Proposition 8.
Let A be an abelian variety over C.

(a) If A is simple, then End® A is a division algebra.
(b) End® A4 is semisimple.

» Proof.  (a) This follows from “Schur’s lemma”. If the endomorphism has a nontrivial kernel/image
(when tensored wih Q), then there would be a nontrivial subvariety. Thus, every nonzero endomor-
phism is invertible.

(b) Note that if A isogenous to a product

ny Nk
B x - x BUF,
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where no two of By, ..., By, are isogenous and simple. Then

k
End’ A = H Maty,, xn, (End’ B;),
j=1

since Hom(B;, B;) = 0 for non-isogenous simple varieties B; and B, by (a). Thus, End® A is
O

semisimple.

84  Abelian Varieties with Complex Multiplication

We recall the following result on simple algebras.

~ Lemma 9.
Let B be a semisimple k-algebra. For any faithful B-module M, we have

dimk M Z [B : k}red-

Moreover, if the equality holds, then B is a product of matrix algebras over fields.

(We are not going to define [B : k];eq, but for example [M,, (K) : klea = n[K : k].)

» Proof. See [Mil20, Prop 1.2.].
~ Corollary 10.

For any abelian variety A over C, we have that

[End’ A : Qlreq < 2dim A

Moreover, if the equality holds, then End” A is a product of matrix algebras over fields.

» Proof. Follows from above since End” A is a semisimple algebra (by Proposition 8) acting on Ag ~
Q. O
[l Definition 11.
An abelian variety A over C has a complex multiplication if and only if [EndO A Qlrea =
2dim A.

Note that (cf. the proof of Proposition 8) A has a complex multiplication if and only if its simple factors
have complex multiplication. Thus, we restrict out attention to understanding simple abelian varieties

with CM.

~ Theorem 12 (Classification of all simple CM abelian varieties).

Let A be a simple abelian variety with dimension n. Then there exists a CM field E of degree 2n
and a primitive CM type ® = {o71,...,0,} such that E = End® A and A ~ C"/A where

A={(o1(),...,0n(a)) :x € L}

for some lattice L C E.
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(Recall that a CM Type ® on F is primitive if and only if F is a field and there does not exists a CM
type (®o, Fo) such that Fy C F and ® = {0 : o|g, € Po}.)

» Proof of Theorem 12. The proof proceeds in five steps.

Step 1. E = End® A is a field. From Proposition 8, E is a division algebra. From Corollary 10, E is
a product of matrix algebras over fields. The two previous sentences gives that E is a field itself.

We now let A = C"/A.

Step 2. A = {(o1(),...,0,(ax)) : o € L} for some lattice L C E and embeddings
01,y ..,0n. The endomorphism algebra E acts on C". Since E is commutative and its minimal polyno-
mial is separable, simultaneously diagonalize the matrix in C™"*™ corresponding to each € E. That is,
there is a basis for which all such z is diagonal, meaning that = acts on C" by the matrix

diag(o1(x),...,on(x)).

Note that ¢;(x) must be a field automorphism from E — C. Thus, it must be one of the 2n embeddings.
Since A is stable under F, we have that

A={(o1(a),...,on(a)) : @ € L}

for some lattice L C F, as desired.

Step 3. {01,...,0n,01,...,0,} = Hom(FE, C). The key here is that A must have dimension
2n. This means that the R-span of (01 (), . . ., 0, («¢)) as a ranges through F has dimension 2n. Tensoring
with C and using the isomorphism C ®g C — C & C given by a ® b — (ab, ab) gives that

dimc{(o1(a),71(),...,0n(),T,(a)) : @« € E} = 2n.

This is possible only if 01,771, . .., 0y, 7, are pairwise distinct, which means they must be the 2n embed-
dings of F.

Step 4. E is CM. We have to use the Riemann form here. First, we define the form

¢($a Z/) = w(l‘:iy),

which is positive definite by the condition (d) of Theorem 3. Furthermore, it is symmetric because

Uy, z) = P(y,iz) = P(iy, —x) = (=, iy) = Y(z,9),

where we use condition (b) and (c) of Theorem 3.

Define the Rosati involution as a map from ¢’ : £ — F that takes @« € E to @’ € F such that
Y(ax,y) = ¥(x,a'y). (This requires the condition (a) on Theorem 3.) Since 1) is symmetric and positive
definite, we get that Trg/g(aa’) > 0 for all nonzero a € E. Thus, ’ is positive.

Tensoring with R gives a involution ¢’ : £ ®p R — E ®g R, which is also a ring automorphism.
From Step 3, ' ®g R ~ C®", and so o' must permute the C factors. If o’ swaps two of the factors, then
it would not be positive since a’ = 0 if «x is in one of the factors. Hence, o’ fixes each factor and hence
must be conjugation in each factor (the only positive field automorphism of C/R is conjugation), so E is
CM.

Step 5. ® is primitive. Suppose that ® comes from extending a CM type (P, Ey). We consider the
subspace
V={(z1,...,2,) CC" : x; = xy for all j, k such that 0| g, = ok|g, }-

This has dimension [ : Q]. Moreover, V N A is isomorphic to the lattice (7(a))reHom(E,,c) embedded
diagonally. Thus, V' is an abelian subvariety of A, which implies that A is not simple. O
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~ Proposition 13 (Classification up to isogeny).

Let E be a CM field. Then there is a bijection between

{simple CM abelian variety A with End’ A ~ E}

isogeny

~ Aut(E) \ {primitive CM types of E'},

where 7 € Aut(E) acts on CM type ® by sending it to &7 1.

» Proof. First, note that the choice of I will not change the resulting abelian variety up to isogeny. Thus,
the only choice remaining is to pick how F is embedded into End” A. This can changed upto an auto-
morphism 7 € Aut F, and the effect of this on the CM type ® is &71.

It remains to check that A obtained by the standard construction of A = {(o1(c),...,0n(a)) :
o € L} is simple if ® is primitive. To do this, suppose that A ~ B} x -.. x B, Thus, End’(A4) ~
[I; Mat,,; (End® B;). Since E maps to each of the factor Mat,,, (End® B;) injectively, we get that dim E <
n; [End® B; : Q] for all j. If > 1, then this is strictly less than [End® A : Q]yeq, which is a contradiction
to that A has a CM. Thus, we have r = 1, so A ~ B" for some simple B.

Let E, = End® B. Then the restriction of o1, ..., 0, onto Ey forms a CM Type ®¢ of Ey. Thus,
(®, E) comes from the extension of (®g, Ey), so ® is not primitive. O

We now give classification up to isomorphism. To simplify discussion, we give the F-action.
~ Proposition 14 (Classification up to isomorphism).

Let E be a CM field of degree 2n. Then there is a bijection between

primitive CM type ® of E
lattice L C

L~aLforal Landa € FE

simple CM abelian variety A of dimensionn |
isomorphism i : E — End” A -

» Proof. The only new thing that we need to check is that given two abelian varieties A and B with the
given actions i : £ — End’ Aand j : E — End’ B, then (A,4) ~ (B, j) if and only if the corresopnding
CM types are the same and the corresponding lattices L and M are in the same class.

To see this, let A = C"/A4 and B = C"/Ap. First, note that the action of F on C™ uniquely
determines the CM type. Next, note that an isomorphism from A — B is a map from C* — C” that
preserves the E-action on Ay ®7 Q and Ap ®z Q. Since the E-dimension of both spaces are 1, we get
that this map must be multiplication by « for some «.. Thus Ap = aA 4, which implies that M = «L.
Conversely, the isomorphism is given by multiplication by «. O

What about non-semisimple abelian varieties? We have the following.
~ Proposition 15 (Classification of CM Abelian Varieties).
Let FE be a CM algebra (i.e., product of CM fields) with dimension 2n.

(a) There is a bijection between

CM abelian variety A of dimension n
inclusion i : E < End’ A

} ~ {CM type ® of E'} .

isogeny
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(b) There is a bijection between

CM type ® of £
lattice L C E

“L~aLforal Landa € B

CM abelian variety A of dimension n
inclusion i : F < End’ 4
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