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First, we fix some notations that will be throughout this handout.

« Let A be a simple abelian variety with complex multiplication with CM field £ and CM Type ©.
« Suppose that A has a CM over K. In particular, K contains the reflex field £* [Mil20, Prop. 7.11].
+ We now assume that End A contains the ring of integers Og.

« For prime ¢, we define the Tate modules
Ty A = lig(l) A7 ViA =Ty ARz, Qo

TA= [[ mA VA=TA®,Q

£ prime

Recall also that Ty A, V, A, fA, and V A are free modules of rank 1 over OF ®z Zy¢, E ®q Qq, (/’);,
and A%, respectively [Mil20, Prop. 7.3].

« For each ideal a C Op, we let A* : A — A® denote the a-multiplication.

. For any field k, let Gal, = Gal(k/k). We let
p:Galg — A C GL(VA)

be the Galois representation. The image is contained in A} because every element in the image
commutes with everything in F, so it must be in A% (cf. [Mil20, Cor. 7.4]). Since A% is
commutative, p factors through Galz}?.

- Forany o € Galg, welet “A = A®g Q,, where we regard Q, as Q-vector space by a - b = o(a)b
where - is the scalar multiplication in Q.

« For any number field &, let
Arty 0 AY — Galy

be the inverse of the reciprocity map in class field theory. We recall that
- Arty, sends uniformizer to the inverse of the Frobenius element.

— The kernel of Arty, is k* kX0,

The goal for these notes is to study the Galois action in CM abelian variety. We are primarily interested
in two questions.

(a) For o € Galp, we have the map o : A — ? A, which induces a map between Tate modules o :
TA — T(?A). Can we describe this map betwen Tate modules?
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(b) For o € Galg, the variety A has CM with type (E, 0®). Can we describe the relation between the
ideal lattices that define A and A?

Let us explain why an answer to (a) implies an answer to (b). Suppse that A ~ C®/a. We fix an
identification VA ~ A% and V(?A) ~ A% induced by the E-bases of Hy (A, Q) and Hy(° A, Q). Then
this map is given by a multiplication by an element in ov € A%’. This can be transformed to a fractional
ideal b through the map

AOEO’X —TIg

(ovap,.) = [T el
P p

Let o maps to b € Z. Then we have that A ~ C® /ab.

We note that although the identification is only unique up to E*, which changes b by a principal ideal
anyways.

For the first half of these notes, we focus on understanding question (a) for o € Galg- (i.e., elements
fixing E*). This is a simpler case because 7 A will have the same CM type as A.

81 The Statement over Reflex Field

We want to extend our Galois representation map p : Galy — A% tothemap 7 : Galg- — A%™ /EX.
[] Definition 1.

We define the map
n: Galg — A% /E*

as follows: choose an E-linear isogeny o : A — ? A. Then we let 77(0) be such that the following
diagram commutes

VAT, pea) 29 pea) .
Notice that a choice of « can be modified up to multiplication by E*, so (o) is only determined

modulo £, explaining the quotient by £ in the target.

This map factors through Gal}ig*, giving 7 : Gal%’* — A% /E*. We leave as an exercise to

the reader to check that ) is continuous and is a group homomorphism. The latter notably needs
to fact that a-multiplication is Galois-equivariant.

~/ Theorem 2 (The Main Theorem over Reflex Field).

The following diagram commutes.

Galp, —"— AX/EX

N
Amq’

AT /(B

where Ng denotes the reflex norm.
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In particular, this theorem determines Galois representation up to E* by for any o € Gal‘}g*, we find
an element v € A% /(E*)* that correspond to o under the Artin map. Then we take the reflex norm
to obtain an element in (A%")/E* that gives the entire representation.

§2 The Shimura-Taniyama Formula

The Shimura-Taniyama formula provides access to how the Frobenius element acts on the Tate module.
We begin with the form of the formula stated in the previous talk.

-/ Theorem 3 (Shimura-Taniyama Formula).

Suppose that K contains all Galois conjugates of E. Let 3 be a prime ideal over K and (p) =
B N Z. Suppose that p is unramified over K and A has a good reduction at 3.

(a) There exists an element m € O such that the action of 7 on the reduction of A modulo B
is the same as the Frobenius map.

(b) We have
(m) = (No (%))

as ideals in Op.
To prove this theorem, we need the following lemma about differentials.
~ Lemma 4.
Let k be an algebraically closed field with characteristic p > 0. Let o : A — B be an isogeny of

abelian varieties over k. Suppose that a* (k(B)) D k(A)P" for some m. Letd = dim(Ker(TpA —
ToB)) (where Ty A and Ty B are tangent spaces). Then deg o < p™.

» Proof (skipped during talk). Let L = k(A) and K = k(B), so L is an extension of K. Let z1,...,x, €

L be a minimal set of generators of L as K -algebra. Since 2} € K, we get that dega = [L : K] < p™".
Thus, it suffices to show that n < d.

We note that dim QlL JK = d. For each 7, each extension

L/K(x1,. .. @ie1,Tig1y- -, Tn)

=K;

is nontrivial (since the generating set is minimal) and purely inseparable. Thus, there exists a K-linear
derivation D, : L — L such that D;(x;) = 1 but D;(z;) = 0 for all j # i by sending everything in K to
0. Since D, ..., D,, are independent, we get that d = dim QlL/K >n. O

» Proof of Theorem 3. (a) This was done last time. Since A has a good reduction at ‘B3, the reduction
map End A — End A is injective, since the reduction 5 € End A of ¢ € End A uniquely de-
termines the action of ¢ in the torsion point A[m] for all m coprime to p, which implies that it
determines the whole ¢ (since torsion points is Zariski dense).

The Frobenius endomorphism commutes with everything in End 4, so it is in End’ A. Being inte-
gral, it is in End A.
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(b) Let A be a smooth model of A over Ogy, and let A be its reduction to k = Ok /B. Then we have
that

T:=TA~PK,

ped
T =Ty A~ @(Oqg)%

ped
T:=TyA=T/BT = P ke,

peD

where the superscript ¢ indicates that E acts on K, by a - b = ¢(a)b (and similarly to other
modules). Since deg m = N o7 is a power of p, we get that (7) is only divisible by primes above
p. Thus, we get

m) =[]

plp
(as ideals of F). We let
O ={pe®: g7 P=p}

Let h be the class number of E, and let (v,) = ph™e  so

(w") = [T (w)-

plp

We bound the degree of both sides. We note that

Ker(d3, : T — T) = Span{e,, : ¢(7,) € B}
= Spanfe, : v € ¢~ P}
= Span{e,, : "™ C 7P}
C Span{e, : ¢~ "B =p} = Spanfe, : ¢ € By}

Therefore, dim Ker(d7,) < #®,. On the other hand, since v, divides 7", we get that Y (k(A)) D
k(ﬁ)phd, where d = [k : F,,]. Thus, by the previous lemma, we have

degy < pG#00),

Thus, we have
P49 = deg " H degyyp < phd e (#®p) — phdg
plp

hd(#®

so everything is an equality! In particular, we deduce that Ng/q(v,) = degv, = p »), so by

taking out a power of h, we have

Np/gp™ = p?#®) = H pt = H Ng /¥
PpED, PpED,

= H NE/Q NK/wEm))

pEDy

Ngo | I ¢ (Nk/pu®)
pED)

which implies that

prr = H ¢ ' (Ng/ouB)

PEPy

-4 -
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since both sides are powers of p, so it suffices to compare exponents. Finally, mulitplying this across
all p gives

=1Ir™ =[] ¢ Nk/or®) = Nao (B,

plp pe®
as desired. 0

Theorem 3 provides access to only the Frobenius elements that fix K. We now extend this to the
elements that fixes ™.

~ Corollary 5.

Suppose that K is Galois and contains all conjugates of E. Let 3 be a prime ideal over K, p =
B N Op~, and (p) = p N Z. Suppose that p is unramified over K and A has a good reduction at

.

(a) Let 0 = Frobg, € Gal(K/E*). Then there exists an a-multiplication o : A — “A

such that the reduction modulo B is the g-power Frobenius map a : A — AW where
q=(Og- :p).

(b) We have a = Ng(p).

» Proof.  (a) Note that A and A have the same CM Type, so they are isogenous, which implies that
there exists an b-multiplication 5 : A — ? A. Reducing modulo ‘P gives a b-multiplication B:A—

Al
In the isogeny category, the Frobenius map A — A is a composition of 3 and an element x €
End A.
Frob
A A — A@
Since x commutes with every element in End A, we get that z € End® A. Now, let by,...,b, be

generators of b. Then b;x € End A for all A. Moreover, since b;z: commutes with every element
in End A, we get that b,z € End A for all ¢. Thus, x € b1 Finally, the composition of = and the
b-multiplication gives a morphism A — ° A whose reduction modulo p is Frobenius.

(b) Let f = [k(P) : k(p)] be the degree of residue field. Note that
T = ao---0%aoaq,
and the right hand side is af-multipcation, so

o/ = (7) = No,x(B) = No - (N, p-(B)) = No(p/) = No(p)/,

which implies that a = Ng(p). O

63  Proof of the Main Theorem

Let us now head towards the proof of Theorem 2. We have to show that the diagram
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Gal, —"— AR /EX

N
Alm ®

AT ()

commutes. Corollary 5 describes how the Frobenius elements interact with the Tate module of A. How-
ever, there are two impending issues before we can get the proof.

« First, the reduction modulo 8 does not give a complete information of how Galois element acts. It
only allows us to deduce information about ¢-power torsion for primes ¢ # p.

« Second, the target space AOEo’ x /E* is not Hausdorff (in other words, E* is not closed in AOEO’ x ), so
we cannot directly take limit.

Let us look into the first issue in more detail. Suppose that we plug in the idele

jo=(..,L,m " 1,..0)
p

into the bottom set. Then the top-left entry is 0 = Frob,. Let & : A — 7 A be an a-multiplication that
reduces to Frobenius by Corollary 5. In particlar, a = Ng (p).

+ Over all rational prime ¢ # p, we can use injectivity of torsion to conclude that Frob,, acts the same
way as « over {-power torsion. Therefore, 1(o) is equal to 1 in components prime to p. Thus, the
diagram commutes in the components prime to p.

« On the component at prime q above p, we no longer know how ¢ acts on the p-power torsion
A[p®] — 7 A[p®] other than that it is bijective. Since « acts by multiplication by an element with
the same g-adic valuation as a, we get that 7(o) acts by an element with the same valuation as

al= N.:p(p)_l.

o
unit

-~ = n(o) >
VA—* 5 V(°A) —————— V(7A)
same valuation as a same valuation as a ~ *

Thus, we get that the diagram commutes up to ]| OEU.

vlp

Fix any a € A% /(E*)*, and let ¢ = Artp«(a) € Galp+. We have to show that

t=D(a):= il isin E*.
To do this, we want to approximate a to be close to product of j,. We do this as follows: take a open

subgroup U, and let V = D~!(U). Take a finite set S of rational prime that includes

« all ramified primes over K, F, and E*;
« all primes at which A has a bad reduction;
« U contains HU*S OE,U; and

« V contains [ 45 Op. .
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(The product runs through all places coprime to all primes in .S.)

By weak approximation, we divide out by an element in (E*)* such that a is close enough to be in

V' at all primes in S. By taking out the (finitely many) non-unit factors in a, we write a = bc where

bel,s Vo x1lus OF., CV and cis in the subgroup generated by {j,, : p { S}.

Thus, t = D(a) = D(b)D(c) € U because both D(b) and D(c) are in U. As V varies, we know that
terx]

We now have to deal with the second issue of that we cannot take limits directly. In order to finish

the proof, we need some more information about ¢. We let F' be the largest totally real subfield of F (so
E is a totally imaginary quadratic extension of F'). We prove the following.

~ Proposition 6.

We have that tt € F*.

» Proof. Ononehand, norm of a is controlled by class field theory In particular, we note that Ng (a)Ng (a) =
Ng- /g(a). Furthermore, by functoriality of Artin map, we ave

Artg(Ng-/g(a)) = Artg-(a) = o

g = Artg(Xeye(0)),

where Xy : Galp — 7 is the cyclotomic character. The last equalty can be easily justified by noting that
it is true for when o is Frobenius element. Since Ker Artg = Q - Ry, we get that

No(a)Ng(a) = Xoyc(o) -u  for some u € Q.

On the other hand, 7j(c) is controlled by the Riemann form. Let ¢4 : VAx VA — AZ (1) be the Riemann
form extended to adelic Tate module. Then we have

Va(Xeye(0) T, Y) = Xeye(0) Ya(z, y) (Z-linearity)
=%Ya(z, y) (WEeil pairing takes torsion points to roots of unity)
=voa(’z, “y) (Galois equivariance)
=Yoa(n(o) a(z), n(o) a(y)) (definition of 7)
= o 4(n(0)n(0) a(z), a(y)). (properties of Riemann form, check!)

Note that ¥o 4 (a(z), a(y)) is also a Riemann form of A. Therefore, by classification of Riemann form,
we get that

Prala(@), aly)) = Yalvz, y).

for some v € E*. Therefore, we have that 14 (Xcye (o), y) = Ya(vn(o)n(o)x, y) for all 2, y. Nonde-
generacy of Riemann form implies
— Xeye (U)

noylo) = 2222,

which implies after comparing with the first equation that tt = uv € E*. Since #{ is fixed by conjugation,
it follows that tt € F*. ]

The following lemma completes the proof of Theorem 2. The following proof of this lemma was sug-
gested by ChatGPT.

~/ Lemma?7.

Ift € EX and tt € F*, thent € EX.
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» Proof. We make a series of reductions.

« By dividing out by an element ¢ € £ sufficiently close to ¢ to match all vlauations, we can WLOG
assume that t € 0.

« By Dirichlet unit theorem, O}; and O}, have equal rank, so O}: is a finite index subgroup of O};. If
O =Ja;0F where a; € EX, then O} = Ja;05.

Thus, without loss of generality (divide out by some a;), assume that ¢ € 07;

Thus, we have t = #, so t? € F'X. From continuity of valuation and that ¢> € (97;, we get that 2 € OF.

Next, note that O} ~ {£1} x Z" by Dirichlet’s unit theorem. By Chevalley’s unit theorem (see
[Con)), all finite index subgroup of O} is a congruence subgroup. This implies that the congruence topol-
ogy and the profinite topology of O} are the same, so

OF ~0F = {+1} x 7.

Say t correspond to (g, z) where ¢ € {£1} and 2z € Z". Then 2z € Z", which means z € Z". Hence,
te Op. O

84 A Little Bit About General Field

We now explain how to determine how elements in Galg acts. In order to do this, we have to define some
maps.

] Definition 8.

For any ¢ € Calg, we define F(0) € Gal® as follows: for each embedding ¢ : E — C, pick a
field automorphism w,, : C — C such that

Wyl =¢ and w,, = tw,,

for all ¢, where ¢ denote the complex conjugation. Then we let

Fs(o) = H w;éawHEab € Gal®,
ped

noting that Fg (o) clearly fixes E. It’s easy to check that this does not depend on the choice of w.
Finally, we define fg(0) € A% /E* to be the element such that

ArtE(f<I>(U)> = F‘I’(U) and f‘P(U)ﬁI’(U) = chc(0'>E><'

(Existence and uniqueness are nontrivial.)
- Theorem 9 (The Main Theorem over any field).
For any 0 € Gal(Q/Q) and any representative f € A% of fo(o), there exists an E-linear

isomorphism H; (A, Q) ~ H;(° A, Q), which induces an isomorphism a : VA — V(?A) such
that the following diagram commutes
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