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First, we fix some notations that will be throughout this handout.

• Let A be a simple abelian variety with complex multiplication with CM field E and CM Type Φ.

• Suppose that A has a CM overK . In particular,K contains the reflex field E∗ [Mil20, Prop. 7.11].

• We now assume that EndA contains the ring of integersOE .

• For prime ℓ, we define the Tate modules

TℓA = lim
n≥0

A[ℓn] VℓA = TℓA⊗Zℓ
Qℓ

T̂A =
∏

ℓ prime
TℓA V̂ A = T̂A⊗Z Q

Recall also that TℓA, VℓA, T̂A, and V̂ A are free modules of rank 1 over OE ⊗Z Zℓ, E ⊗Q Qℓ, ÔE ,
and A∞

E , respectively [Mil20, Prop. 7.3].

• For each ideal a ⊂ OE , we let λa : A→ Aa denote the a-multiplication.

• For any field k, let Galk = Gal(k/k). We let

ρ : GalK → A∞,×
E ⊆ GL(V̂ A)

be the Galois representation. The image is contained in A∞,×
E because every element in the image

commutes with everything in E, so it must be in A∞,×
E (cf. [Mil20, Cor. 7.4]). Since A∞,×

E is
commutative, ρ factors through GalabK .

• For any σ ∈ GalQ, we let σA = A⊗Q Qσ , where we regard Qσ as Q-vector space by a · b = σ(a)b

where · is the scalar multiplication in Q.

• For any number field k, let
Artk : A×

k → Galabk

be the inverse of the reciprocity map in class field theory. We recall that

– Artk sends uniformizer to the inverse of the Frobenius element.

– The kernel of Artk is k×k×,0
∞ .

The goal for these notes is to study the Galois action in CM abelian variety. We are primarily interested
in two questions.

(a) For σ ∈ GalQ, we have the map σ : A → σA, which induces a map between Tate modules σ :

T̂A→ T̂ (σA). Can we describe this map betwen Tate modules?
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(b) For σ ∈ GalQ, the variety σA has CM with type (E, σΦ). Can we describe the relation between the
ideal lattices that define σA and A?

Let us explain why an answer to (a) implies an answer to (b). Suppse that A ≃ CΦ/a. We fix an
identification V̂ A ≃ A∞

E and V̂ (σA) ≃ A∞
E induced by the E-bases of H1(A,Q) and H1(

σA,Q). Then
this map is given by a multiplication by an element in α ∈ A∞

E . This can be transformed to a fractional
ideal b through the map

A∞,×
E → IE

(. . . , αp
p

, . . . ) 7→
∏
p

pvp(αp).

Let α maps to b ∈ IE . Then we have that σA ≃ CσΦ/ab.
We note that although the identification is only unique up toE×, which changes b by a principal ideal

anyways.
For the first half of these notes, we focus on understanding question (a) for σ ∈ GalE∗ (i.e., elements

fixing E∗). This is a simpler case because σA will have the same CM type as A.

§1 The Statement over Reflex Field

Wewant to extend our Galois representationmap ρ : GalK → A∞,×
E to the map η : GalE∗ → A∞,×

E /E×.

Definition 1.

We define the map
η : GalE∗ → A∞,×

E /E×

as follows: choose an E-linear isogeny α : A→ σA. Then we let η(σ) be such that the following
diagram commutes

V̂ A V̂ (σA) V̂ (σA)α

σ

η(σ) .

Notice that a choice of α can be modified up to multiplication by E×, so η(σ) is only determined
modulo E×, explaining the quotient by E× in the target.

This map factors through GalabE∗ , giving η : GalabE∗ → A∞,×
E /E×. We leave as an exercise to

the reader to check that η is continuous and is a group homomorphism. The latter notably needs
to fact that a-multiplication is Galois-equivariant.

Theorem 2 (The Main Theorem over Reflex Field).

The following diagram commutes.

GalabE∗ A∞,×
E /E×

A∞,×
E∗ /(E∗)×

η

ArtE∗
NΦ

where NΦ denotes the reflex norm.
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In particular, this theorem determines Galois representation up to E× by for any σ ∈ GalabE∗ , we find
an element α ∈ A∞,×

E∗ /(E∗)× that correspond to σ under the Artin map. Then we take the reflex norm
to obtain an element in (A∞,×

E )/E× that gives the entire representation.

§2 The Shimura-Taniyama Formula

The Shimura-Taniyama formula provides access to how the Frobenius element acts on the Tate module.
We begin with the form of the formula stated in the previous talk.

Theorem 3 (Shimura-Taniyama Formula).

Suppose that K contains all Galois conjugates of E. Let P be a prime ideal over K and (p) =
P ∩ Z. Suppose that p is unramified overK and A has a good reduction at P.

(a) There exists an element π ∈ OE such that the action of π on the reduction of A moduloP
is the same as the Frobenius map.

(b) We have
(π) = (NΦ(P))

as ideals in OE .

To prove this theorem, we need the following lemma about differentials.

Lemma 4.

Let k be an algebraically closed field with characteristic p > 0. Let α : A → B be an isogeny of
abelian varieties over k. Suppose thatα∗(k(B)) ⊃ k(A)p

m for somem. Let d = dim(Ker(T0A→
T0B)) (where T0A and T0B are tangent spaces). Then degα ≤ pmd.

▶ Proof (skipped during talk). Let L = k(A) andK = k(B), so L is an extension ofK . Let x1, . . . , xn ∈
L be a minimal set of generators of L asK-algebra. Since xp

m

i ∈ K , we get that degα = [L : K] ≤ pmn.
Thus, it suffices to show that n ≤ d.

We note that dimΩ1
L/K = d. For each i, each extension

L/K(x1, . . . , xi−1, xi+1, . . . , xn)︸ ︷︷ ︸
=Ki

is nontrivial (since the generating set is minimal) and purely inseparable. Thus, there exists a K-linear
derivationDi : L→ L such thatDi(xi) = 1 butDi(xj) = 0 for all j ̸= i by sending everything inKi to
0. Since D1, . . . , Dn are independent, we get that d = dimΩ1

L/K ≥ n.

▶ Proof of Theorem 3. (a) This was done last time. Since A has a good reduction at P, the reduction
map EndA → End Ã is injective, since the reduction ϕ̃ ∈ End Ã of ϕ ∈ EndA uniquely de-
termines the action of ϕ in the torsion point A[m] for all m coprime to p, which implies that it
determines the whole ϕ (since torsion points is Zariski dense).
The Frobenius endomorphism commutes with everything in EndA, so it is in End0A. Being inte-
gral, it is in EndA.
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(b) Let A be a smooth model of A over OP, and let Ã be its reduction to k = OK/P. Then we have
that

T := T0A ≃
⊕
φ∈Φ

Kφ

T := T0A ≃
⊕
φ∈Φ

(OP)φ

T̃ := T0Ã = T /PT =
⊕
φ∈Φ

kφ,

where the superscript φ indicates that E acts on Kφ by a · b = φ(a)b (and similarly to other
modules). Since deg π = NE/Qπ is a power of p, we get that (π) is only divisible by primes above
p. Thus, we get

(π) =
∏
p|p

pmp

(as ideals of E). We let
Φp = {φ ∈ Φ : φ−1P = p}.

Let h be the class number of E, and let (γp) = phmp , so

(πh) =
∏
p|p

(γp).

We bound the degree of both sides. We note that

Ker(dγ̃p : T̃ → T̃ ) = Span{eφ : φ(γv) ∈ P}
= Span{eφ : γv ∈ φ−1P}
= Span{eφ : phmp ⊂ φ−1P}
⊆ Span{eφ : φ−1P = p} = Span{eφ : φ ∈ Φp}.

Therefore, dimKer(dγ̃p) ≤ #Φp. On the other hand, since γp divides πh, we get that γ∗p(k(Ã)) ⊃
k(Ã)p

hd , where d = [k : Fp]. Thus, by the previous lemma, we have

deg γp ≤ phd (#Φp).

Thus, we have
phdg = deg πh =

∏
p|p

deg γp ≤ phd
∑

p|p(#Φp) = phdg,

so everything is an equality! In particular, we deduce that NE/Q(γp) = deg γp = phd(#Φp), so by
taking out a power of h, we have

NE/Qp
mp = pd(#Φp) =

∏
φ∈Φp

pd =
∏

φ∈Φp

NK/QP

=
∏

φ∈Φp

NE/Q
(
φ−1

(
NK/φEP

))

= NE/Q

 ∏
φ∈Φp

φ−1
(
NK/φEP

)
which implies that

pmp =
∏

φ∈Φp

φ−1
(
NK/φEP

)
,
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since both sides are powers of p, so it suffices to compare exponents. Finally, mulitplying this across
all p gives

(π) =
∏
p|p

pmp =
∏
φ∈Φ

φ−1
(
NK/φEP

)
= NΦ,K(P),

as desired.

Theorem 3 provides access to only the Frobenius elements that fix K . We now extend this to the
elements that fixes E∗.

Corollary 5.

Suppose that K is Galois and contains all conjugates of E. Let P be a prime ideal over K , p =
P ∩ OE∗ , and (p) = p ∩ Z. Suppose that p is unramified over K and A has a good reduction at
P.

(a) Let σ = FrobP/p ∈ Gal(K/E∗). Then there exists an a-multiplication α : A → σA

such that the reduction modulo P is the q-power Frobenius map α̃ : Ã → Ã(q) where
q = (OE∗ : p).

(b) We have a = NΦ(p).

▶ Proof. (a) Note that σA and A have the same CM Type, so they are isogenous, which implies that
there exists an b-multiplication β : A→ σA. Reducing moduloP gives a b-multiplication β̃ : Ã→
Ã(q).
In the isogeny category, the Frobenius map Ã → Ã(q) is a composition of β̃ and an element x ∈
End Ã.

Ã Ã Ã(q)
x

Frob

β̃

Since x commutes with every element in EndA, we get that x ∈ End0A. Now, let b1, . . . , bn be
generators of b. Then bix ∈ End Ã for all A. Moreover, since bix commutes with every element
in EndA, we get that bix ∈ EndA for all i. Thus, x ∈ b−1. Finally, the composition of x and the
b-multiplication gives a morphism A→ σA whose reduction modulo p is Frobenius.

(b) Let f = [κ(P) : κ(p)] be the degree of residue field. Note that

π = σf−1

α ◦ · · · ◦ σα ◦ α,

and the right hand side is af -multipcation, so

af = (π) = NΦ,K(P) = NΦ,E∗(NK/E∗(P)) = NΦ(p
f ) = NΦ(p)

f ,

which implies that a = NΦ(p).

§3 Proof of the Main Theorem

Let us now head towards the proof of Theorem 2. We have to show that the diagram
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GalabE∗ A∞,×
E /E×

A∞,×
E∗ /(E∗)×

η

ArtE∗
NΦ

commutes. Corollary 5 describes how the Frobenius elements interact with the Tate module of A. How-
ever, there are two impending issues before we can get the proof.

• First, the reduction modulo P does not give a complete information of how Galois element acts. It
only allows us to deduce information about ℓ-power torsion for primes ℓ ̸= p.

• Second, the target space A∞,×
E /E× is not Hausdorff (in other words, E× is not closed in A∞,×

E ), so
we cannot directly take limit.

Let us look into the first issue in more detail. Suppose that we plug in the idele

jp = (. . . , 1, π−1
p
p

, 1, . . . )

into the bottom set. Then the top-left entry is σ = Frobp. Let α : A → σA be an a-multiplication that
reduces to Frobenius by Corollary 5. In particlar, a = NΦ(p).

• Over all rational prime ℓ ̸= p, we can use injectivity of torsion to conclude that Frobp acts the same
way as α over ℓ-power torsion. Therefore, η(σ) is equal to 1 in components prime to p. Thus, the
diagram commutes in the components prime to p.

• On the component at prime q above p, we no longer know how σ acts on the p-power torsion
A[p•] → σA[p•] other than that it is bijective. Since α acts by multiplication by an element with
the same q-adic valuation as a, we get that η(σ) acts by an element with the same valuation as
a−1 = NΦ(p)

−1.

V̂ A V̂ (σA) V̂ (σA)α

same valuation as a

σ

unit

η(σ)

same valuation as a−1

Thus, we get that the diagram commutes up to
∏

v|p O
×
E,v .

Fix any a ∈ A∞,×
E∗ /(E∗)×, and let σ = ArtE∗(a) ∈ GalE∗ . We have to show that

t = D(a) :=
NΦ(a)

η(σ)
is in E×.

To do this, we want to approximate a to be close to product of jp. We do this as follows: take a open
subgroup U , and let V = D−1(U). Take a finite set S of rational prime that includes

• all ramified primes overK , E, and E∗;

• all primes at which A has a bad reduction;

• U contains
∏

v∤S O×
E,v ; and

• V contains
∏

v∤S O×
E∗,v .
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(The product runs through all places coprime to all primes in S.)
By weak approximation, we divide out by an element in (E∗)× such that a is close enough to be in

V at all primes in S. By taking out the (finitely many) non-unit factors in a, we write a = bc where
b ∈

∏
v|S Vv ×

∏
v∤S O×

E∗,v ⊂ V and c is in the subgroup generated by {jp : p ∤ S}.

Thus, t = D(a) = D(b)D(c) ∈ U because both D(b) and D(c) are in U . As V varies, we know that
t ∈ E× .

We now have to deal with the second issue of that we cannot take limits directly. In order to finish
the proof, we need some more information about t. We let F be the largest totally real subfield of E (so
E is a totally imaginary quadratic extension of F ). We prove the following.

Proposition 6.

We have that tt ∈ F×.

▶ Proof. Onone hand, normof a is controlled by class field theory In particular, we note thatNΦ(a)NΦ(a) =
NE∗/Q(a). Furthermore, by functoriality of Artin map, we ave

ArtQ(NE∗/Q(a)) = ArtE∗(a) = σ|Qab = ArtQ(χcyc(σ)),

where χcyc : GalQ → Ẑ is the cyclotomic character. The last equalty can be easily justified by noting that
it is true for when σ is Frobenius element. Since KerArtQ = Q · R>0, we get that

NΦ(a)NΦ(a) = χcyc(σ) · u for some u ∈ Q>0.

On the other hand, η(σ) is controlled by the Riemann form. Let ψA : V̂ A×V̂ A→ A∞
Q (1) be the Riemann

form extended to adelic Tate module. Then we have

ψA(χcyc(σ)x, y) = χcyc(σ)ψA(x, y) (Ẑ-linearity)
= σψA(x, y) (Weil pairing takes torsion points to roots of unity)
= ψσA(

σx, σy) (Galois equivariance)
= ψσA(η(σ)α(x), η(σ)α(y)) (definition of η)
= ψσA(η(σ)η(σ)α(x), α(y)). (properties of Riemann form, check!)

Note that ψσA(α(x), α(y)) is also a Riemann form of A. Therefore, by classification of Riemann form,
we get that

ψσA(α(x), α(y)) = ψA(vx, y).

for some v ∈ E×. Therefore, we have that ψA(χcyc(σ)x, y) = ψA(v η(σ)η(σ)x, y) for all x, y. Nonde-
generacy of Riemann form implies

η(σ)η(σ) =
χcyc(σ)

u
,

which implies after comparing with the first equation that tt = uv ∈ E×. Since tt is fixed by conjugation,
it follows that tt ∈ F×.

The following lemma completes the proof of Theorem 2. The following proof of this lemma was sug-
gested by ChatGPT.

Lemma 7.

If t ∈ E× and tt ∈ F×, then t ∈ E×.
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▶ Proof. We make a series of reductions.

• By dividing out by an element e ∈ E× sufficiently close to t to match all vlauations, we can WLOG
assume that t ∈ O×

E .

• By Dirichlet unit theorem,O×
E andO×

F have equal rank, soO×
F is a finite index subgroup ofO×

E . If
O×

E =
⋃
aiO×

F where ai ∈ E×, then O×
E =

⋃
aiO×

F .

Thus, without loss of generality (divide out by some ai), assume that t ∈ O×
F .

Thus, we have t = t, so t2 ∈ F×. From continuity of valuation and that t2 ∈ O×
E , we get that t2 ∈ O×

F .
Next, note that O×

F ≃ {±1} × Zr by Dirichlet’s unit theorem. By Chevalley’s unit theorem (see
[Con]), all finite index subgroup ofO×

F is a congruence subgroup. This implies that the congruence topol-
ogy and the profinite topology of O×

F are the same, so

O×
F ≃ Ô×

F = {±1} × Ẑr.

Say t correspond to (ε, z) where ε ∈ {±1} and z ∈ Ẑr . Then 2z ∈ Zr , which means z ∈ Zr . Hence,
t ∈ O×

F .

§4 A Little Bit About General Field

We now explain how to determine how elements inGalQ acts. In order to do this, we have to define some
maps.

Definition 8.

For any σ ∈ GalQ, we define FΦ(σ) ∈ GalabE as follows: for each embedding φ : E → C, pick a
field automorphism wφ : C → C such that

wφ|E = φ and wιφ = ιwφ,

for all φ, where ι denote the complex conjugation. Then we let

FΦ(σ) =
∏
φ∈Φ

w−1
σφσwφ|Eab ∈ GalabE ,

noting that FΦ(σ) clearly fixes E. It’s easy to check that this does not depend on the choice of w.
Finally, we define fΦ(σ) ∈ A∞,×

E /E× to be the element such that

ArtE(fΦ(σ)) = FΦ(σ) and fΦ(σ)fΦ(σ) = χcyc(σ)E
×.

(Existence and uniqueness are nontrivial.)

Theorem 9 (The Main Theorem over any field).

For any σ ∈ Gal(Q/Q) and any representative f ∈ A∞,×
E of fΦ(σ), there exists an E-linear

isomorphism H1(A,Q) ≃ H1(
σA,Q), which induces an isomorphism α : V̂ A → V̂ (σA) such

that the following diagram commutes
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V̂ A V̂ (σA) V̂ (σA)α

σ

f
.

References

[Con] Keith Conrad. The Congruence Subgroup Problem for Units. url: https://kconrad.math.uconn.edu/
blurbs/gradnumthy/chevalleyunit.pdf (↑ p. 8).

[Mil20] James S. Milne. Complex Multiplication (v0.10). www.jmilne.org/math/CourseNotes/cm.html. 2020 (↑
p. 1).

– 9 –

https://kconrad.math.uconn.edu/blurbs/gradnumthy/chevalleyunit.pdf
https://kconrad.math.uconn.edu/blurbs/gradnumthy/chevalleyunit.pdf
www.jmilne.org/math/CourseNotes/cm.html

	The Statement over Reflex Field
	The Shimura-Taniyama Formula
	Proof of the Main Theorem
	A Little Bit About General Field

