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Preface

» What is Commutative Algebra? The origin of commutative algebra comes from the following
two fields:

. algebraic number theory, which studies prime factorization in number fields (such as Q(1/—5))
and its ring of integers (such as Z and Z[v/—5]).

. algebraic geometry, which studies solutions of systems of algebraic equations (such as z2+y* =
1), which can be turned to study of quotients of polynomial rings (such as C[z, y]/ (22 + y? — 1)).

Throughout time, people have realize that theory from these two subjects can be unified into a single
theory of commutative rings. This results in a single, clean theory of commutative algebra that stands
on its own, but its true purpose is to be applied in the context of number theory and algebraic geometry

» Prerequisite We assume that the reader is familiar with rings and modules at an undergraduate
level (e.g., as in [Art11]). Basic concepts of rings and modules will be rapidly reviewed in Chapter 1
and Chapter 2. Familiarity with basic category theory and topology is assumed, but we quickly review
those in Chapter A. Knowledge of field theory at an undergraduate level is assumed in some places.

» Content These notes cover standard material typically covered in an introductory graduate course
(such as 18.705 at MIT). The goal is to develop basic theory of rings and modules necessary in the study
of algebraic number theory and algebraic geometry. Although we do not cover algebraic geometry or
algebraic number theory, we try, whenever possible, to point out motivations and connections from
these two subjects. The breakdown by chapter is as follows.

« Chapter 1 (Rings). We start out by quickly reviewing the notions of rings and ideals, includ-
ing primary and maximal ideals. The spectrum of a ring, which is a central notion in algebraic
geometry, is introduced in Section 1.5.

« Chapter 2 (Modules). We quickly review basis notions of modules, then we proceed to discuss
properties and constructions related to modules at a significantly greater depth than typically
covered in undergraduate algebra. We discuss Cayley-Hamilton theorem from linear algebra
and its consequence on modules that we will use multiple times throughout. Then, we discuss
important constructions related to modules: exactness, colimits, and tensor products.

« Chapter 3 (Localization). Localization is the “art of adding denominators” to rings. This con-
struction has a geometric interpretation of “zooming into” open sets or points and is immensely
useful in studying rings.

« Chapter 4 (Integral Extensions). Integral extension and integral closure is a fundamental no-
tion that connects to finite maps, smooth curves, and ring of algebraic integers. As a consequence
of this theory, we present Noether normalization lemma and use it to prove Hilbert nullstellensatz
and study dimension of a variety.

« Chapter 5 (Chain Conditions). We discuss Noetherian rings and modules, the fundamental
finiteness conditions that has numerous consequences. Artinian rings are also discussed.

- vii —
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« Chapter 6 (Associated Primes and Primary Decomposition). In unique factorization do-
mains such as Z, every element can be factored uniquely into products of primes. We discuss a
analogue of this in a general ring, which will allow us to decompose an ideal into intersection of
primary ideals (which is an analogue of prime power).

« Chapter 7 (DVR and Dedekind Domains). Discrete valuation rings (DVR) are the simplest
kind of rings after fields. Geometrically, its “valuation” comes naturally from trying to define
order of vanishing of functions at a point. A global analogue of DVR is a Dedekind domain,
which arise naturally from ring of integers (in number theory) and a smooth curve (in algebraic
geometry). We discuss their properties.

« Chapter 8 (Completion). As power series is useful in studying functions in real and complex
analysis, we develop the notion of power series in commutative algebra, resulting in construction
known as completion. We prove several nice properties of completion.

« Chapter 9 (Dimension Theory). Although dimension is an intuitive concept in geometry, prov-
ing properties about dimension of rings are notoriously difficult. In this chapter, we develop a
robust framework to study and compute dimensions. A brief treatment of regular local rings
(rings corresponding to smooth varieties) is discussed.

« Chapter 10 (Flatness). We study flat modules (defined in Chapter 2 in terms of tensor prod-
ucts) in more detail, discussing various geometric consequence such as going-down property,
and constant dimension of fiber.

The text is meant to be read in order, although dependencies between many chapters are weak, and
some flexibility is possible.

All contents existed in standard commutative algebra textbooks. The one closest to our notes is
[AM69]. Other books that influenced our presentation are [AK13], [Eis95], and [Vak24]. I claim no
originality in any of these materials.

» History and Acknowledgements These notes were based on the notes that I took when taking the
Fall 2023 instance of 18.705 (a commutative algebra course) at MIT, taught by Davesh Maulik. Since then,
many parts were rewritten, and a new Chapter 10 on flatness was added. Nevertheless, the structure of
these notes still largely follows how Maulik taught the class, and his insights and presentation is still
imparted throughout these notes. The flatness chapter was based on the Fall 2024 instance of 18.705,
taught by Miguel Moreira, which also influences the presentation of various parts of theses notes as
well.

We thank Derek Liu for contributing part of Chapter 10. We also thank Srinivas Arun, David Dong,
and Linus Tang for useful comments and suggestions.
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1 Rings

The origins of commutative algebra goes back to about 150 years ago, when the following subjects are
studied.

« Algebraic Number Theory, which studies about a specific kind of commutative rings generated
from number fields. (e.g., Q, Z[i], Z,, Z/pZ, etc.)

. Algebraic Geometry, which studies about polynomial rings k[z], k[z1, ..., z,], and their quo-
tients (where k is a field). The most important casae is when £ = C, but modern algebraic geomety
have extended to studying polynomial equations over arbitrary field too.

However, people then realize that these two subjects have the same foundation. In particular, theorems
about Algebraic Number Theory and theorems in Algebraic Geometry have a lot in common, and the

common foundation — properties of commutative rings — establishes commutative algebra. The
central object of commutative algebra is ring, which we introduce in this chapter.

§1.1  Rings and Ideals

In this section, we set up some basic concepts of rings and ideals.

§1.1.1  Ring Homomorphisms

The most basic object we are going to study is (commutative) rings. A commutative ring R has opera-
tions addition + and multiplication -, which must satisfies the following:

« addition forms an abelian group, i.e., it must be

associative: a + (b+ ¢) = (a +b) + cforall a,b,c € R.

commutative: a + b =b+ aforalla,b € R.

identity: there exists 0 € Rsuchthata+0=0+a =aforalla € R.

— inverse: for all a € R, there exists (—a) € Rsuch thata + (—a) = (—a) + a = 0.

« multiplication is
— associative: (a-b)-c=a-(b-c)foralla,b,c € R.
— commutative: a - b =b-aforall a,b € R.
- hasidentity 1 € Rsuchthata-1=1-a=aforalla € R.
« Multiplication distributes over addition: a- (b+¢) = (a-b)+(a-c)and (b+¢)-a = (b-a)+(c-a)
forall a,b,c € R.
We allow 0 = 1, in which case R = {0} is a zero ring,.

The word “commutative” in commutative rings indicates that multiplication is commutative. Non-
commutative rings are not the focus of these notes.

In these notes, we assume all rings are commutative and contain 1.




2 1.1. Rings and Ideals

~ Example 1.1.1 (Basic rings).

The most basic example of ring is integers Z. Furthermore, Q, R, and C are all rings. Integers
modulo n, Z/nZ, form a ring.

~ Example 1.1.2 (Constructing new rings).
Here are some ways to construct a new ring.

« Given a ring R, one can adjoin a free element x to get a polynomial ring R[x], which
is described by

R[I‘]:{a0+a1$+"'+anxn:a07"'7an€R}‘

Similarly, one can adjoin arbitrarily many elements to get rings such as R[x1, ..., Ty,
which is a ring of polynomials in m variables with coefficients in R.

« Given two rings R and S, one construct the product ring
RxS={(rs):reR,se S},

where addition and multiplication are done component-wise.

A ring morphism between tworings Rand Sisamap ¢ : R — S, that satisfies ¢(z+y) = ¢(x)+d(y),
d(xy) = d(x)P(y), and ¢(1) = 1 for all z, y € R. In particular,

‘ We assume that all ring morphisms preserve 1. ‘

~ Example 1.1.3 (Ring morphisms).
We have the following examples:

« For any ring R, there exists a unique ring homomorphism f : Z — R by

fn)=1+-+1.

n

« For any ring R, there exists a unique ring morphism f : R — {0}.

« If p is a prime, and suppose 1 + --- + 1 = 0 (i.e., R has characteristic p), then we have
pisap pp ( p)

P
the Frobenius morphism F : R — R by F(a) = a?. (Proof: multiplication is obvious.

For addition, (a + b)? = a? + (})a?~ b+ (§)aP=2b% + - + P = aP + bP.)

81.1.2 Ideals

Ideals are a subset of ring that has special properties. Most importantly, it forms a quotient ring, which
we describe in the next subsection. A subset I C R is an ideal if and only if it

« is closed under addition: if a,b € I, thena + b € I; and

« absorbs multiplication: if @ € [ and r € R, then ra € I.

Notice that the second condition is stronger than being closed under multiplication.
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~ Example 1.1.4.
We have the following examples of ideals.

- For any integer n, (n) = nZ C Z is an ideal. Moreover, all ideals of Z are of this form.
« {0} and R itself is an ideal of R. If R is a field, these two are the only ideals of R.

« For each a € R, we have the ideal generated by a defined by (a) = {ar : r € R}. These
ideals are called principal ideals. For Z, every ideal is principal.

+ More generally, given some subset T' C R, we can define the ideal generated by T as the
smallest ideal containing 7', which is

(T) = {ZLQQ ta; € R,ti € T} .
i=1

Ideals generated by {z1,...,x,} is often written as (z1, ..., Z,).

Another way to construct ideals is to take the kernel. Given a ring homomorphism f : R — 5,
then
Ker f = f'({0}) C R

is always an ideal of R. This is in fact a special case of a more general construction called contraction.
£ Definition 1.1.5 (Contraction and Extension).
Consider a ring homomorphism f : R — S.

« For each ideal J C S, the contraction f~1(J) C R is automatically an ideal.

« For each ideal I C R, the extension IS is the ideal generated by the image f(I).

Finally, we have the following operations of ideals.

2] Definition 1.1.6 (Ideal operations).
Let I, J be an ideal of a ring R. Then,

« I'NJis anideal.
e I+J={i+j:i€l,je J}isanideal

« 1J is the ideal generated by {ij : i € I,j € J}.

They are analogue of lcm, ged, and product, respectively. For example, in Z, we have (4)N(6) =
(12), (4) + (6) = (2), and (4)(6) = (24).

B Remark 1.1.7 (Origin of ideals).

The first usage of the word ideal is by Dedekind, who is a algebraic number theorist. He
coined the word ideal numbers to describe the phenomenon of unique factorization in rings
of algebraic integers.

To elaborate, people at that time are interested in solving the equation z" + y" = 2"
(Fermat’s last theorem) where z, ¥y, z € Z. One idea (led by Kummer) to solve this problem is
to adjoin ¢ = ¢>™/™ then one can rewrite this equation to

(+y)(@+Cy) ... (x+ " y) =2



4 1.1. Rings and Ideals

Then, people work with the ring Z[(] and, assuming that it’s UFD (i.e., has unique factorization
property), able to deduce that each factor = +y,  + (v, ..., x + ("~ 'y must be an n-th power
(or close to), and then make a contradiction.

However, the ring of algebraic integers is not necessarily a UFD. For example, in the ring

Z[v/—5], wehave 2-3 = (1++/—5)(1 —/—5), and neither 2, 3, 1 ++/—5, nor 1 —/—5 can be
factored further in Z[v/—5]. Thus, Z[/—5] is not a UFD. In the case of Fermat’s last theorem,
the smallest n for which unique factorization property fail is n = 23.

In the world of ideals, both 2 and 3 breaks up in Z[+/—5]. Indeed, in ideals,
(2)=(2,1+V=5)% (3)=(3,1+V=5)(3,1-+v-5),

and unique factorization is restored, except that the ideal (2,1 + /—5) is no longer principal.
In Section 7.2, we will discuss a broad class of ring that unique factorization of ideals hold.

§1.1.3 Quotient Rings

We now describe the most important way to generate new rings, called quotient ring. Given a ring R
and an ideal I C R, then we define the quotient ring R/I as the ring of cosets

{l[a):=a+1TI:a€ R}.
We define the operations by [a + b] = [a] + [b] and [ab] = [a][b] as expected. This map is well-defined.
Indeed, ifa — a’ € I, thene.g., ab— a'b € I, so [ab] = [ab].

We then also define the surjective ring homomorphism 7 : R — R/I by 7(a) = [a]. The kernel
of this map is I. This map satisfies the following universal property: suppose S is another ring and
a homomorphism f : R — S such that f(I) = 0, then there exists a unique ring homomorphism
f: R/I — S such that the following diagram commutes:

R— ™ R/I

N o

(Proof: we are forced to have f([a]) = f(a), so f is unique. Moreover, this is well-defined because f
sends [ to 0.)

By the usual argument (see Section A.2), this universal property classify m and R/I up to isomor-
phism.

We now state an important theorem characterizing ideals of R/I.

~ Theorem 1.1.8 (Correspondence Theorem).

There is a bijection between

{ideals of R/I} +— {ideals of R containing I}.

For example, the ideals of Z/6Z are 0, Z/67Z, 27./67Z, and 37 /6Z, while the ideals of Z that contains
67 are 67, 7, 27., and 3Z.

» Proof. Let m: R — R/I be the quotient projection map. The bijection is given by

{ideals of R/I} < {ideals of R containing I}
J = o (T
w(J) <~ J

and it is straightforward to verify that they are inverses. O
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- Theorem 1.1.9 (First Isomorphism Theorem).

Let ¢ : R — S be a surjective ring morphism. Then, S ~ R/ Ker ¢.

/ Exercise 1.1.10. Prove the above theorem (Theorem 1.1.9).

§1.2 Properties of Rings

§1.2.1  Special Elements

We have a bunch of definitions of special elements of a ring.
(2] Definition 1.2.1 (Units, zero divisors, nilpotents).
Given a ring R, an element a € R is

« a unit if there exists b € R such that ab = 1;
« azero divisor if there exists b # 0 € R such that ab = 0; and

« nilpotent if ™ = 0 for some n > 1.
The set of nilpotent elements turns out to be an ideal.

~ Proposition 1.2.2.

The set Nil R C R is an ideal of R, called the nilradical of R.

» Proof. Absorbing multiplication is obvious. To show that Nil(R) is closed under addition, if a” = 0
and b = 0, then the binomial expansion of (a + b)™" consists of monomials of the form a’b’. At
least one of ¢ > m and j > n must hold, so the monomial is divisible by either a™ or b", both of which
are 0, so all monomials vanish, which means (a + b)™"™" = 0, so a + b € Nil(R). O

Each kind of special element leads to a type of ring.
[£] Definition 1.2.3 (Field, domain, reduced rings).
Aring R is

« afield if R # 0 and every a # 0 is a unit;
« a domain if R # 0 and 0 is the only zero divisor; and

« reduced if 0 is the only nilpotent element.

i} Remark 1.2.4.

We use the word domain instead of integral domain to avoid confusion caused by the word
integral as in Chapter 4.



1.2. Properties of Rings

Example 1.2.5.

« Q R,C,and F, = Z/pZ are fields.

« Z and C[x] are domains. (In fact, if R is a domain, then so is R[x], so C[z1,...,2,]isa
domain.)

« Clz,y]/(xy) is not a domain because in this ring, zy = 0 but z, y # 0.
« Clz,y]/(xy) is reduced.

« C[z]/(«?) is not reduced because z is nilpotent.

~ Exercise 1.2.6. What are the zero divisors and nilpotent elements of Z/12Z?

§1.2.2 PID and UFD

£l Definition 1.2.7 (PID and UFD).

A domain Risa

« principal ideal domain (PID) if every ideal principal.

« unique factorization domain (UFD) if every non-zero element z € R can be written
uniquely as a product of irreducible elements

T=DP1"" " Pn,

where uniqueness is up to multiplication by units, i.e., if x = q1 - - - ¢, is another factor-
ization, then m = n and there exists a permutation 7 such that ¢, ;) is equal to p; times
a unit for all <.

An element p € R is irreducible if it is not a unit and not a product of two non-units in

R.

We note down two useful properties of PID and UFD proved in undergraduate algebra. The proofs
of these are not central to these notes, so we will only sketch it.

~ Theorem 1.2.8.

(a) Any PID is a UFD.

(b) If R is a UFD, then so is R[z] (hence, by induction, R[x1, ..., x,] is a UFD).

» Proof Sketch.  (a) First, we need to show that every element x is a product of irreducible elements.

(b)

Obviously, we keep factoring out elements. If this does not terminate, then there would be an
infinite chain = ag, a1, as, ... such that a;; is a proper divisor of a;, i.e., (ag) € (a1) S .. ..
Then, the union ( J;~(a;) is an ideal, say (x), then (x) = (a;), a contradiction.

Next, we show uniqueness. If p is irreducible, then (p) is maximal, hence prime, so if p divides
ab, then p divides either a or b. Thus, if we have two different product of irreducible elements
T =D1-""Pm = 1 qn, then p; divides one of g1, ..., g,, hence equal to g; for some j (up to
multiplication by units). Similarly each g; is equal to p; for some ¢. Thus, the multiset of p; and
of g; are equal.

First, any polynomial in R[x] can be written as a product of irreducible polynomials because we
can repeatedly factor anything that is not irreducible, and the degree decreases until it is constant
polynomial, at which point we can utilize the fact that factoring in R terminates.
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To show uniqueness, by the same argument in (a), it suffices to show that if f, g, h € R[x] such
that f is irreducible and f | gh, then f | g or f | h. To do this, we utilize the following lemma:
“A polynomial f € R|[z] is primitive if and only if no element in R divides all coefficients in f. If
f, g is primitive, then fg¢ is primitive” To prove the lemma, suppose that an irreducible factor p
divides all coefficients of fg. Then, fg = 01in R/(p)[x]. However, R/(p)[z] is a domain (because
R/(p) is a domain), a contradiction.

Let K be the field of fraction of R. If f, g, h € R|x] such that f is irreducible (hence primitive)
and f | gh, then f | gh in K[z], so there exists d € R such that f(z) = d - gh/f € R|[x]. Scale
down so that f(z) is primitive, then the lemma forces d = 1, so f divides gh in R[z]. Hence,
every irreducible element is prime. O

~ Example 1.2.9 (PID and UFD).

« 7, Z[i], and C|z] are PID.

+ Clz,y] is a UFD by Theorem 1.2.8 (b), but it is not a PID because ideal (2, y) is not prin-
cipal; if (z,y) = (f), then x and y must be divisible by f, forcing f = 1, which is a
contradiction.

« Z[\/—5] is not a UFD because 2 - 3 = (1 ++/—5)(1 —+/=5),and 2, 3, 1 + /-5, and
1 — +/—b are all irreducible.

§1.2.3 Chinese Remainder Theorem

There is a number-theoretic phenomenon that for example, Z/(12) ~ Z/(4) x Z/(3). This fact gener-
alizes to any rings.

El Definition 1.2.10 (Coprime ideals).

Given a ring R, two ideals I, J C R are coprime if I + J = (1).

~ Theorem 1.2.11 (Chinese Remainder Theorem).

If I and J are coprime, then
(@ INnJ=1J.
(b) Themap f: R — R/I x R/J by a — (a mod I,a mod J) is surjective.
(c) Wehave R/IJ~R/I x R/J.

The proof is the same as number theory class.

» Proof. The fact that I and J are coprime means that there exists i € I and j € J for whichi+j = 1.

(a) The inclusion IJ C I N J is clear. Thus, we show that IJ O I'NJ. Leta € I N J. Then, we have
a=a-1=a-j5+1i-a,
and each termisin [ - J.

(b) Let[z] € R/ITand[y] € R/J.Seta = xj+yi, and seethata = zj =2 (mod I)anda =yi =y
(mod J).

(c) By the first isomorphism theorem (Theorem 1.1.9), we have R/ Ker f ~ R/I x R/J. By (a), we
have Ker f = I NJ = IJ, so we are done. O
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§1.3 Primes and Maximal Ideals
§1.3.1 Definition and Basic Properties

£l Definition 1.3.1 (Prime and Maximal Ideals).

« Anideal p C Risa prime ideal if p # R and ab € p implies a € p or b € p (or both).

« An ideal m € R is a maximal ideal if m # R and there are no ideals I/ such that
mCICR.

~ Proposition 1.3.2.

(a) Anideal p C R is prime if and only if R/p is a domain.

(b) Anideal m C R is maximal if and only if R/m is a field.

Consequently, all maximal ideals are prime.

» Proof.  (a) Clear by simply reduce the definition of prime ideal modulo p.
(b) By correspondence theorem (Theorem 1.1.8), m is maximal if and only if R/m has no ideal other
than 0 or R/m.

If R/m is a field, then R/m has only two ideals, because any nonzero ideal I must contain a
nonzero element, which is a unit, forcing I to include all elements in R/m.

Otherwise, if R/m is not a field, then it has a non-unit a, so (a) is a nontrivial ideal of R/m. [

~ Example 1.3.3 (Prime and Maximal Ideals).

We have the following examples.
« (0) is prime if and only if R is a domain.
« (0) is maximal if and only if R is a field.

« If Ris a PID, then all prime ideals of R are (0) and (f) for irreducible element f. Special
cases of this are

— The prime ideals of Z are (0) and (p), where p is the prime numbers. Only (p) are
maximal.

— The prime ideals of C[z] are (0) and (x — «), where a € C.

« Prime ideals of C[x, ..., z,] are more numerous. For example,
0C (z1) C (z1,22) C -+ C (x1,...,Tn),
are all prime ideals (Proof: Clxy,...,z,]/(x1,...,2k) = Clxgst1,...,2y,], which is a
domain). On the other hand, only (z1, ..., ;) is maximal in this chain.
We will show later in the text (Hilbert Nullstellensatz, Theorem 4.4.5) that all maximal
ideals C[z1, ..., z,] are in from (z; — a1, ..., T, — ), where a1,...,a, € C.

+ Let k be a field and consider the formal series ring

kl[z]] = {Z anx™ :ag,ay, - € k‘}

(the sum does not need to converge). It’s not hard to show that f(x) = ag+ajx+... is
a unit if and only if ay € k™. Using this, we can show that all ideals of k[[x]] are in form
(0) and (z™) for n > 0. Only (0) and (x) are prime.
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In fact, a ring with unique maximal ideal (like the last example) is relatively simpler to study that it
bears a special name.

£l Definition 1.3.4 (Local ring).

R is alocal ring if it has a unique maximal ideal.

We also have that k[[z1, ..., 2z,]] is also local. We will see later in Chapter 3 that the study of rings
can be reduced to the study of local rings.

/7 Exercise 1.3.5. Prove that the bijection in the correspondence theorem (Theorem 1.1.8) takes
prime ideal to prime ideal and maximal ideal to maximal ideal.

§1.3.2 Zorn's Lemma and Krull's Theorem

-/ Theorem 1.3.6 (Krull's Theorem).

Let R be a ring. Then, any ideal I C R is contained in a maximal ideal. In particular, maximal
ideals exist.

This theorem is seemingly obvious because if I = I is not maximal, then there exists a larger ideal
Iy € I. This continues, and we get a chain of ideals

LChLCLC....

If ring R is horrible (example: Z[z1, 2, . .. ] and the chain is (x1) C (21,22) C ...), then this process
might continue indefinitely.

The idea is that we need to “go beyond infinity”. Zorn’s lemma is a tool from set theory that allows
us to do that.

A poset (or partially ordered set) (P, <) is a set P with a partial ordering <. The ordering should
be reflexive (¢ < a), antisymmetric (¢ < band b < a implies a = b), and transitive (¢ < band b < ¢
implies a < ¢). A totally ordered set is a poset whose any two elements are comparable.

The following lemma is equivalent to axiom of choice.
~ Lemma 1.3.7 (Zorn's lemma).

Let (P, <) be a non-empty poset such that for any totally-ordered subset 7 C P, there exists
some element ap € T such that a7 > ¢ for all t € T. Then, P has a maximal element, i.e,
there exists m € P such that m > pforallp € P.

» Proof of Theorem 1.3.6. Take a poset (P, C), where
P ={ideal J: I CJ C R}

ordered by containment.

We need to verify the condition for Zorn’s lemma Lemma 1.3.7. Suppose that T is a totally-ordered
subset of ideals, then we claim that K = | JeT J is an ideal not equal to R. To do this, we need to
check three things.

« Closed under addition. If a,b € K, then there exists J,J' € T suchthata € Jandb € J'.
Then, a + b € max(J, J'), which is a subset of K.

« Absorbs multiplication. If « € K and r € R, then a € J for some J € T, and so ra € J,
which implies ra € K.
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« K is not equal to R. Note that 1 ¢ J forall J € T,s01 ¢ K.

Hence, K is an element in P. It clearly contains every ideal in T, so the condition of Zorn’s lemma is
satisfied. Hence, poset P has a maximal element, which must be a maximal ideal. O

§1.4 Radicals

81.4.1  Nilradical

Recall that Nil(R) is the set of all nilpotent elements of R. This is also called the nilradical of R. We
now use Zorn’s lemma to prove the following important property of nilradical.

~ Proposition 1.4.1 (Nilradical is intersection of prime ideals).
We have

Ni(R)= (] »

pCR prime

» Proof. We first show the direction C. To do this, we have to prove that Nil R C p for all prime ideal
p. Indeed, a € Nil R, then a™ = 0 € p, so a € p by definition of prime ideal.

In the direction D, given f ¢ Nil(R), we need to find a prime ideal not containing f. We use Zorn’s
lemma. Consider the poset (P, C) where

P = {ideallgR N O L areallnotin[}

ordered by inclusion.

Notice that f ¢ Nil(R), so .S # 0, so 0 € S. Moreover, for any totally ordered subset 7 C P, it is
not hard to check that UJ e Jisan ideal in P that dominates every element 7. Thus, the condition of
Zorn’s lemma is satisfied, so P has a maximal element .J. Notice that f ¢ J.

Now, we claim that J is prime (which will finish the proof). Assume xy € J but 2,y ¢ J. Then,
J+ (z) 2 J,so J + (x) must contain some power of f. In particular, f* € J + () for some n and
f™ e J+ (y) for some m. However, by multiplying, we get that

e (J+ @) + () = J + (ay) = J,

which is a contradiction. O

81.4.2 Radical Ideal

We have shown that Nil(R) is the same as the intersection of all prime ideals of R. We generalize this
a little bit, restricting to only prime ideals that contains I.

2] Definition 1.4.2 (Radical ideal).
Given a ring R and an ideal I, we define the radical ideal

VI ={a € R:a" €I for some positive integer n}.

(Example: if R = Z, then /(48) = (6).)
An ideal T is called radical if VT = I.

- 10 -
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Let 7 : R — R/I be the quotient map. Then, the condition that ™ € I for some positive integer n
is equivalent to w(a) € Nil(R/I). Therefore, we have

VI =7 Y(Nil(R/I))

=71 ﬂ P (Proposition 1.4.1)
pCR/I prime
= m p. (Correspondence theorem Theorem 1.1.8)
ICpCR prime

§1.5 Spectrum and Zariski Topology

Several pictures were adapted from [Che25].

81.5.1 Varieties

Many aspects of commutative algebra are motivated by algebraic geometry. Since this is not algebraic
geometry notes, we will informally introduce algebraic geometry just enough to understand some geo-
metric intuition behind commutative algebra, but we will not do any serious algebraic geometry. This
entire subsection is very informal and is intended to only give intuition. There is no actual math
done in this subsection.

For these notes, a variety is a set V' of the form
V={eC": fi(7) = fo(¥) = = fn(¥) =0} C C",

where fi,..., fm € Clz1,...,2,]. To understand variety, we want to consider a ring of regular
functions associated to it. More specifically, we want to consider a ring R of all regular functions
f 'V — C, which are rational functions from V' — C defined everywhere in V.

~ Example 1.5.1.

« f V = C", then R = C|xy, ..., 2,] is our ring of regular functions. Function z; would
take a point in V' and output the i-th coordinate of V. Notice that even though we say
rational function, we cannot have denominator here.

« Now, suppose that
V={(z,y) €C?: 2? +¢y* =1}

Then, now, the function z2 + y2 — 1 is the same as function 0. Thus, the ring of regular
functions needs to be modded out by (22 + 3> — 1), so R = C[z,y]/(z? + y* — 1).

Thus, in general, if V = {& € C" : f1(Z) = f2(&) = -+ = fm(Z) = 0}, then the ring of regular
functions R would be

Cler, . xnl/(frs- s fon)-

Many properties of ring of regular functions R translates to properties of varieties V. We describe
some connections below, although none of these are precise.

+ Given anideal I C R, the set of points in V' whose every function in I vanishes is a closed subset
of V' (in analytical sense).

« Suppose there is another variety V'’ with ring of regular functions R’. Then, a morphism ¢ : V' —
V'’ corresponds to a ring morphism ¢* : R’ — R that takes a function f : V' — C to a function
fogp:V =C.

- 11 -



12 1.5. Spectrum and Zariski Topology

+ Risadomainifand only if V isirreducible (i.e., is not a union of two subvarieties). Suppose that V'
is a union of two subvarieties V; UVa, where V] is cut out by equations f1(Z) = - - - = f,,(Z) =0,
while V5 is cut out by equations g1 (Z) = - - - = ¢, (&) = 0. Then, V3 U V4 is cut out by equations
fi(Z)g;(Z) = 0. In particular, the function f; and g; are nonzero regular functions on V, but they
multiply to 0, which makes R not a domain.

« Risafield if and only if V' has exactly one point. This is because informally, if V" has more than
one point, we can create a function f vanishing at one point but not the other, and this f would
not be invertible and not a unit.

« For the definition of variety defined above, we always have that R is reduced. In particular, cutting
out by equation (z — y)? = 0 or x — y = 0 mean the same thing. We can have a more subtle
notion of geometric objects where C[x, y]/((x —y)) is simply a line x = y, but C[z, y]/((x —y)?)
carries more information than a line, including an infinitesimal neighborhood around each point
in the line # = y. This infinitesimal neighborhood is informally called a fuzz.

This notion of geometric object that capture fuzz is a scheme, which generalize varieties in a few
different directions, one of which is allowing fuzz. We do not study schemes in these notes.

One idea of algebraic geometry is to go backward: given a ring of function R, construct a geo-

metric space that can substitute the variety V above. The space is called Spec R, and it will make all
connections above precise.

§1.5.2  Spectrum of a Ring

£l Definition 1.5.2 (Spectrum).

+ The spectrum of a ring R, denoted Spec R is the set of all prime ideals of R.

+ The maximal spectrum of a ring R is denoted mSpec R and is the set of all maximal

ideals of .
For example, by Hilbert Nullstellensatz (Theorem 4.4.5), maximal ideal in mSpec Clz1, ..., z;,]
correspond to points in C". Maximal ideal m = (21 — aq1,...,2, — a,) corresponding to point
(ai,...,a,) € C", and for any polynomial f, we have that f mod m = f(aq,...,a,) is the value

of f evaluated at that point.

In general, we can view a ring as a ring of regular functions. For any ring R and f € R, we want to
think of f as defining a “function” on mSpec R. This generalizes to Spec R, and we will explain later
(in Remark 1.5.11) why we prefer to use prime ideals instead of maximal ideal.

] Definition 1.5.3.

Given p € Spec R and f € R, the “value” of f when “evaluated” at p is f mod p € R/p.

For psychological reason, we occasionally use a different notation for points in Spec R with the
prime ideals of R. Specifically,

» Point z € Spec R corresponds to prime ideal p,, C R.

« Prime ideal p C R corresponds to point [p] € Spec R.

§1.5.3  Zariski Topology

We now equip a topology of Spec R, which will be a substitute topology for our geometric space.

As a quick reminder, to define a topological space X, one needs the set of open sets I/ preserved
by unions and finite intersections. A set is closed iff its complement is open. Such collection is very
arbitrary, and many intuition from metric spaces will break down.

- 12 -
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El Definition 1.5.4 (Zariski topology).
Let R be a ring. For each ideal I C R, define
V(I)={peSpecR:ICp}

In Zariski topology of Spec R, a subset S C Spec R is closed if and only if S = V(1) for
some ideal I C R.

We have to check that this defines a topology. We verify the following.

« D =V((1)),so () is closed.
« Spec A = V((0)), so Spec A is closed.
N Vo) =V (3, Ia), so the set of V(I)’s is indeed closed under intersection.

« V(I)UV(J)=V(IJ), so the set of V(I)’s is closed under finite unions.

The last one is the least trivial. In one direction, IJ C I,so V(IJ) D V(I),andso V(IJ) D V(I) U
V(J). Now, if x € V(IJ)butx ¢ V(I),V(J), then there exists i € I,j € J such thati,j ¢ p,.
However, this implies that ij € I.J but ¢j ¢ p,.. This forms a contradiction.

The idea of this topology is that we want the coarsest (having fewest open sets) topology such that
functions in R is continuous. This means we need preimage of {0} with respect to f to be closed. This
preimage is V(f), which we then declare that it’s closed. Taking intersection across many f’s gives
that we must declare V'(I) to be closed for all ideal I. This is all the closed sets we need.

/ Exercise 1.5.5. Prove that m is a maximal ideal if and only if the set {[m]} consisting of a
single point [m] is closed. Thus, maximal ideals correspond to closed points.

Now, let’s get into some examples of drawing spectrum.

~ Example 1.5.6 (Spec k).

If k is a field, Spec k contains only one point.

~ Example 1.5.7 (Spec C[z]).

Since prime ideals of C[x] are (0) and (z — «) for each a € C, points in Spec C|z] are
« the generic point (0) and
« points (z — ) for each o € C.

The closed sets of Spec C[x] are finite subsets of {(z — ) : @ € C}. Any open set must contain
(0) and all but finitely many points in {(z — a) : « € C}.

@+ ) o @3

\J

Spec C [x]

Point [(0)] is more interesting. The set {[(0)]} is not closed, but its closure is the entire Spec A.

~-13 -



14 1.5. Spectrum and Zariski Topology

~ Example 1.5.8 (Spec Z).
Spec Z looks exactly the same as the above picture. The points are

« the generic point (0).

- the points (p) for prime p.

SpeeZ (1) GO

\J

Another way to describe the topology of Spec R is by giving open set.
~ Proposition 1.5.9 (Distinguished open sets).

For each f € R, define the distinguished open set

D(f)={p:f¢&p} C SpecR.

Then, {D(f) : f € R} forms a basis of topology for Spec R. In other words, any open set of
Spec R is a union of set of the form D(f).

» Proof. Exercise. O

§1.5.4  Contraction and Spec Functor

We now have a map that takes a ring A to a topological space Spec A. Now, we want to promote this
to a functor. In order to do so, we need the following proposition.

~ Proposition 1.5.10 (Contraction of prime ideal is prime).

If A, B be rings and ¢ : A — B be a homomorphism. If ¢ C B is a prime ideal, then the
contraction ¢~ !(q) is prime.

» Proof. Suppose a,b € A such that ab € ¢~1(q). Then, ¢(ab) € g, so ¢(a)¢p(b) € q. Since q is prime,
we have that ¢(a) € qor ¢(b) € q. Thus, a € ¢~ 1(q) or b € ¢~ *(q), proving that ¢ *(q) is prime. [

i@ Remark 1.5.11.

On the other hand, contraction of maximal ideals need not be maximal ideals. For example,
if A = 7Z, B = Q, ¢ is the inclusion map, and q = (0), then ¢~ 'q = (0), which is not
a maximal ideal. This is the reason why we prefer to include all prime ideals instead of using
only maximal ideals. It is so that we can promote every ring morphism ¢ : A — B to morphism

of ¢7 : Spec B — Spec A.

The above proposition defines a map from Spec B — Spec A by [q] — [¢71(q)]. This induces
a contravariant functor. In particular, given a ring morphism ¢ : A — B, we get a morphism
¢* : Spec B — Spec A of spectrum in the opposite direction.

/ Exercise 1.5.12. Show that ¢ is continuous (with respect to Zariski topology).

- 14 -
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~ Example 1.5.13.

The quotient projection map 7 : R — R/I. induces the map 7# : Spec R/I — Spec R. Map
77 is a homeomorphism from Spec R/ to a closed subset V(1) of Spec R.

/ Exercise 1.5.14. The inclusion map R[z] — Cl[z] induces a map Spec C[z] — Spec R[z].
Draw picture of Spec R[z] and Spec C|x] that visualizes this map.

Now, go back to Section 1.5.1 and convince yourself that the space Spec R substitute variety V' and
still makes the connection outlined in the bulleted list valid.

§1.5.5 SpecZ[x| and Spec C[x, y]
We draw pictures of Spec Z|[x] and Spec Clz, y].

~ Theorem 1.5.15 (Ideals of A[y] where A is a PID).
Let A be a PID. Then, the prime ideals of Afy| are

« the zero ideal (0);
« the ideal (f(y)), where f irreducible;

« pick an irreducible element p € A and g(y) € Aly| such that g(y) € A/(p)[y] is irre-
ducible (in field A/(p)), then we have (p, g(y)).

Only the last category is a maximal ideal.

» Proof. We leave this as Problem 1.F. O

» SpecClz,y] Now let’s try to draw Spec C[x,y| (i.e., A = C[z]). We have the ideals (0) and
(f(x,y)) for the first two categories. For the last one, all prime elements must be in form p = (z — «),
and A/(p) ~ C. Thus, an irreducible polynomial in A/(p)[y] = C[y] must be in form y — f, giving
ideals (x — o,y — ) for (v, B) € C2. Therefore, Spec C[z, y] looks like the following:

« The ideal (z — a, y — 3), which form a plane C.

« The ideal (f) for each irreducible f € C[z,y], which will look like a cloud above the irreducible
curve corresponding to .

« The generic point, which look like a cloud above everything.

Here is a picture that shows three types of points.

(z—1,y+2)

—15 -
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» SpecZ[x] SpecZ[z] (ie, A = Z) looks pretty similar, except that the horizontal axis will be
replaced by primes. The points are as follows.

« Maximal ideals, which are of the form (p, f(z)) where f € Fp[z].

« For each irreducible polynomial f € Z[z], the point (f), which is a cloud passing through

(p, f(x)) for each prime p.
« For each prime p, the ideal (p), which is a cloud above (p, f(x)) for any polynomial f.

« The generic point (0), which is a cloud above everything.

JRNC
Lo L Lo Lol
4 DI DA DA R S
N / N / N / N / \ v (z—1)

_ AZw+1) %ifEEZ::::::::>= = | <

(37CL‘+1) (5,ZE+2)
(5,z+1)
(2,2 +0) (3,2 +0) (5,2 +0) (7,2 +0) //“<@
V() V(3) V(5) V() o

§1.6 Problems

Problem 1.A. Let A be a ring.

(a) Isit true that I(J + K) = IJ + I K for all ideals I, J, K of A?
(b) Isittrue that I(JNK) = IJNIK forallideals I, J, K of A?

Problem 1.B. Let A be a ring and ideals I and J are coprime (i.e., I + J = A). Prove that for all
positive integers m, n, ideals I and J™ are coprime.

Problem 1.C. Let A be aring such that for all z € A, there exists an integer n > 1 (possibly depending
on z) such that ™ = x. Prove that every prime ideal of A is maximal.

Problem 1.D. Let A be aring. Using Zorn’s lemma, prove that A has a minimal prime ideal, a prime
ideal minimal under inclusion.

Problem 1.E (Prime Avoidance, to be used later). Let A be a ring and py, ..., p, be prime ideals.
Suppose that I is an ideal contained in |J!"_, p;. Prove that I C p; for some 1.

Problem 1.F. Prove Theorem 1.5.15.

Problem 1.G. Let A be a ring. Prove that the following are equivalent.

(a) A has exactly one prime ideal.
(b) Every element of A is either nilpotent or a unit.
(c) A/Nil A is a field.

Problem 1.H. Prove that Spec A is quasicompact (Definition A.3.4) for any ring A.

~-16 -
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Problem 1.I. Let A be a ring. Prove that the following are equivalent.

(a) Spec A is a disjoint union of two closed sets X7 and X5.
(b) There exists nonzero elements e, e; € A such thate; + e5 = 1 and eje; = 0.

(c) A= A; x A, for some rings A; and A,.

Moreover, when A = A; X As, then Spec A is homeomorphic to disjoint union Spec A; and Spec As.

Problem 1.J. Is Spec [ 2, F> homeomorphic to the disjoint union [~ ; Spec Fo?

—-17 -
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2 Modules

There are two key reasons why we want to study modules in commutative algebra.

« Modules is an analogue of vector spaces for rings. Thus, studying modules will allow us to do
linear algebras over a ring.

« Modules unify various structures in commutative algebra, including ideals I, quotient rings R/,
and their direct sum / direct product, allowing us to treat those with an equal footing.

This chapter introduces basic notions and properties of modules.

2.1 Modules

§2.1.1 Definition and Basic Properties

Given a ring R, a module M is an abelian group (M, +) with mutliplication by elements in R: a map
R x M — M satisfying such that multiplication is compatible with ring operations:

« a(mi +me) = amy + amg forall a € R and mq, mg € M.
« (a+b)-m=am+bmforala,be Rand m € M.
e a-(bm)= (abymforalla,b € Randm € M.

~ Example 2.1.1.

« When R = k, a field, R-module is a k-vector space.
« When R = Z, a Z-module is just an abelian group.

« When R = CJ[z], an C[z]-module is a C-vector space associated with a linear map rep-
resenting a multiplication by x.

If there is a subset N C M preserved by addition and scalar multiplication, then N is an R-submodule
of M.

We can also define an R-module homomorphism to be a map between two R-modules ¢ : M —
N that is a group homomorphism and ¢(am) = agp(m).

The category of R-module is denoted R-Mod.

§2.1.2  Constructions of Modules

We have some constructions of modules.

» Quotient For any submodule N C M, one can define the quotient module M /N by defining
operation on cosets {N + a : a € M} as usual. We also have the following universal property:

For any R-module P and a map ¢ : M — P, such that ¢(N) = 0, then there exists unique ring
homomorphism ¢ : M/N — P such that ¢ = po 7.
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20 2.1. Modules

» Kernel, Image, Cokernel Given ¢ : M — N, then
kernel Ker¢ := {me M :¢(m)=0} C
image Im¢ := {¢p(m):me M} CN
cokernel  Coker¢ := N/Im ¢

are all modules. The following isomorphism theorems follow similarly from ones in group theory:
« M/Ker¢ ~Img
« Given a chain of modules L C M C N, we have (N/L)/(M/L) ~ N/M.

» Hom Given two modules M, N, Homg (M, N) is also a module. The operation is defined by

¢ (¢1+ d2)(m) = ¢1(m) + ¢2(m)
« (ag)(m) = ag(m).

When, M = N, there is another notation Endg(M) := Hompg (M, M), which is a noncommutative
ring whose multiplication is given by composition.

» Submodules Generated by Ideal Given an R-module M and I C R, we can define a module

k
IM = {Zaimi:ai el,m; EM}.

i=1

» Annihilator We have the annihilator of an element:
Ann(m) :={a € R:am =0}
and of the entire module

Anmn(M):={a € R:am =0forallm € M}.

» Restriction of Scalar Let x : R — S be a ring homomorphism. Let N be a S-module, then we can
define the restriction of scalar, which is an R-module p N (or Resg(N)) by using the same abelian
group N and define a - n = k(a) - n. This is a functor from S-Mod to R-Mod.

» Direct sum and direct product Given a collection of modules (M, ),e7, the direct product (also
known as product) is defined by

H Ma = {(ma)aET}7

acT
and all operations are done independently on each coordinate. (If it is a finite collection, we write
My x My x - -+ x M) The universal property is similar to universal property of products in Section A.2:
if 7o : P — M,, then there exists unique 7 : P — [[ M.

The direct sum (also known as coproduct) is defined as

@ M, = {(ma)aeT : only finitely many m,, are nonzero.}
acT

(If it is a finite collection, we write M7 & My @® - - - @ M,,.) Let i, : My, — @ M, be the inclusion map.
Then, we have the universal property: for any ¢, : M, — P, then there exists unique ¢ : @ M, — P
such that ¢, = ¢ o i,. This is exactly the same as the universal property of product, but all arrows are
reversed.

Notice that finite direct sum is the same as finite product, but infinite direct sums and products are
not the same.

A free R-module is the direct sum of copies of R. We write it as R®™ for integer n > 0 or R®7 for
some set 7.
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Chapter 2. Modules 21

» Generators An R-module M isa

. finitely-generated (or just finite) if there exists a surjective map ¢ : R®" — M for some
integer n > 0.

« finitely-presented if the ¢ above exists and Ker ¢ is finitely-generated.

« cyclic if the ¢ above exists with n = 1 (i.e., M = R/I for some ideal I).

§2.1.3 Modules Over PID

We recall the following theorem from undergraduate algebra.
~/ Theorem 2.1.2 (PID Structure Theorem).

Let R be a PID, then every finitely-generated R-module M is a direct sum of cyclic modules.
In particular, there exists 7 > 0 and a1, . .., a,, € R such that

M~ R® @ éR/(ai).

i=1

» Proof. At least in the case when R is a Euclidean domain, this was done in undergraduate algebra
[Art11, Theorem 14.7.3]. The process of obtaining Smith normal form can be modified slightly to work
on any PID. In particular, one must replace the use of Euclidean division to using the fact that for all
a,b € R, there exists ,y € R such that ax + by = ged(a, b). O

~/ Exercise 2.1.3. Prove that Q is not a finitely-generated Z-module.

§2.2 Cayley-Hamilton Theorem and Consequences
§2.2.1 Cayley-Hamilton Theorem

~/ Theorem 2.2.1 (Cayley-Hamilton Theorem).

Let R be aring. Let A = Mat, x,(R) = (aij)1<i i<n’ We define the characteristic polyno-
mial by o

pa(t) = det(tl, — A) =) cxt.
k=0

Then, pa(A) = 0.

» Proof. The proof is in three steps.

Step 1. R = C and A has distinct eigenvalues. Let the eigenvalues be Aj, ..., A, and the
corresponding eigenvectors be vy, . .., v,. Then, since

pat) =t —X)...(t— ),

we get that p4(A)v; = 0 for all j because the factor A — \A; alone is sufficient to annihilate v;. Since
V1, ...,y spans C”, it follows that p4 (A)v = 0 forall v € C™, so pa(A) = 0.

Step 2. R = Z[Z11,X12 - - - Tnpn] and A is of the following form

11 --- Tin
A:

Tnl -+ Tpn
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22 2.2. Cayley-Hamilton Theorem and Consequences

To prove this, simply replace x;; with a complex number so that x;; are transcendentally independent.

Step 3. General R. From the above case, substitute x;; with a;; € R, and since p4(A) vanish as
polynomial ring Z[211, . . . , £np), it must still vanish when plugging in z;; with a;;. O

The above proof shows a more general principle of permanence of identities: if one has identity
that is true over C, one can carry through the above steps to show that such identity hold for any ring.

We now explain some consequence of this theorem.

~ Corollary 2.2.2 (Cayley-Hamilton; module version).

Let M be a finitely-generated R-module. Let ¢ : M — M be an endormorphism such that
¢(M) C IM for some ideal I C R. Then,

" +Cn_1¢n71 4+ 4o =0,

for some cg,...,c,_1 € 1.

» Proof. View M as a quotient of R®" for some n. Let ey, . . ., e, be a basis of R®™, so their reductions
€1,...,€, generates M.

We claim that there exists a;; € I such that ¢(g;) = Z?Zl ai;€;5. To see this, we note that since
¢(m;) € IM, it is a sum of elements in form im for i € I and m € M. However, m is an R-linear
combination of €1, . .. , €,, so im (and hence ¢(7;)) is an I-linear combination of €y, ..., €,.

The elements (a,-j)lgi,jgn form a matrix A € Mat,,«,(R). Thus, by Cayley-Hamilton theorem
(Theorem 2.2.1), we get that there exists cg, . . ., ¢,—1 such that

A" 4 AV At =0.
Reducing this equation into M gives

O" + Cn10™ T+ c1d+ ¢ =0.
Note that ¢g,c1,...,cp—1 € I because cg,...,c,—1 come from characteristic polynomial of A, and
each entry of A is in I. Hence, we are done. O
§2.2.2 Nakayama’'s Lemma

We will now use Corollary 2.2.2 to deduce an important result called Nakayama’s lemma that will
appear sporadically throughout the text. (If you don’t believe me, Ctrl+F the word “Nakayama” in this
file.)

~ Lemma 2.2.3 (Nakayama’s Lemma).

Suppose that M is a finitely-generated R-module such that M = M, then there exists ¢ € [
such that im = m forallm € M.

(Mnemonic: IM = M implies im = m.)

» Proof. Apply the previous corollary (Corollary 2.2.2) to ¢ = idps. Then, we have that
(d)"™ + ¢ 1 (id)" 4 -+ 4 ¢y (id) + ¢o = 0,
for some cg, ..., c,—1 € I. This equation simplifies to
(I4+cp_1+---+c1+co)id =0.

Since ¢;,—1,¢n—2,...,¢c0 € I, we may take i = —(co +¢1 + -+ + cp_1). O
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~ Exercise 2.2.4. Come up with a counterexample to show that the above lemma is not true
if M is not required to be finitely-generated.

The most prominent application of Nakayama’s lemma is in local ring. Recall that a ring is local iff
it has a unique maximal ideal. If R is local and y ¢ m, then (y) = R, so y is a unit. Thus, if R is a local
ring with maximal ideal m, any element not in m is a unit.

~ Corollary 2.2.5 (Nakayama on local ring).

If M is finitely-generated R-module, where R is a local ring. Suppose that M = mM, then
M =0.

» Proof. Apply Nakayama again. There exists a € m such that (1 + a)M = 0. However, 1 + a is a
unit! Hence, we are done. O

Let us rephrase the above corollary in to a more useful form.
~ Corollary 2.2.6 (Nakayama on generators).
Let R be a local ring, and M be a finitely-generated R-module. Suppose that (mq,...,m,) €

M such that the quotient projection (771, . . ., my,) € M/mM span M /mM. Then, (mq,...,my)
generate M.

» Proof. Let N be submodule generated by my, ..., m,. From the generation assumption, we know
that N + mM = M, so by quotienting with N, we have m(M/N) = M /N, so M/N is zero. O

This corollary is actually very powerful. M/mM is a R/m-module, but R/m is a field, so M /mM
is actually a vector space, and it’s then easy to check whether the generator spans. This reduces the
question of generation into the world of linear algebra.

§2.3 Exactness

§2.3.1 Exact Sequences

Exact sequences is an expressive language that allows us to concisely and graphically express many
statements about maps between modules. They are used more extensively in algebraic topology to
manipulate a sheer number of spaces and maps, but for us, we will mostly use this as a language to
state theorems.

El Definition 2.3.1 (Exact sequences).
The sequence of mappings

Lt MmN
is exact iff Im f = Kerg.

Similarly, the long sequence

—)lelﬁ—_iMZL}MZ+1—>

is exact at M; iff Im f;_; = Ker f;. The whole diagram is an exact sequence if it is exact at

all M;’s.

Now, let’s give some examples.
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24 2.3. Exactness

~ Example 2.3.2.

We have some basic examples of exactness.
« 0 — L% Mis exact iff 1 is injective.
« M %5 N — 0is exact iff ¢ is surjective.

. 0—>Li>Mi>Nisexactiﬂ“L:Ker¢.

. Li)M&N—>OisexactiffCoker1/)f:N.

] Definition 2.3.3 (Short exact sequence).

A short exact sequence is an exact sequence of the form0 — L — M — N — 0,

~ Example 2.3.4 (Example of short exact sequences).

« If R = 7Z, then we have

0—7-27—7/27 — 0.

+ More generally, if N is a submodule of M, we have a short exact sequence

0—N-—M-— M/N—0.

+ Even more generally, if ¢ : M — N is a module morphism, then we have a short exact
sequence

0— Kerd — M 25 Tmp — 0.

(The map Ker ¢ — M is inclusion map).

« For any modules M, N, we have the short exact sequence
0—-M-—->M&N—>N =0,

where the former is by m +— (m, 0) and the latter is by (m,n) — n.

One source of exact sequence that we will use very late in the text is snake lemma.
~ Lemma 2.3.5 (Snake Lemma).
Suppose that there is a commutative diagram whose both rows are exact:

f

0 L M—2 5N 0
b
0 L' —s M —— N’ 0
f g

Then, there is a long exact sequence

0 — Kera — Ker § — Kervy %, Cokeraw —» Coker § — Cokery — 0.

» Proof Sketch. The proof of this is a long, arduous diagram chasing with no insights required, so you
do not need to understand the proof unless you really want to. In fact, I will only tell the definition of
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all the maps and leave the remaining checking to the (intersested) readers.

You should check yourself that all maps Ker o — Ker g3, Ker § — Ker ~y, Coker o« — Coker 3, and
Coker 8 — Coker 7 are induced from f, g, f’, and ¢, respectively. Thus, the most non-obvious map to
define is § : Kery — Coker a.

Let n € Kery C N. Then, since g is surjective, pick any m € M such that g(m) = n. Now,
since diagram commutes, ¢’(8(m)) = v(g(m)) = 0, so B(m) € Ker g’ = Im f, so there exists unique
¢ € L’ such that f'(¢) = S(m). We now declare §(n) = [¢], the class of £.

We have to show that this does not depend on the choice of m. Suppose that I have another choice,
say m*. Then, g(m — m*) = 0, so m — m* € Kerg = Im f, and so there exists € L such that
f(z) = m — m*. Then, if the values of ¢ obtained from m and m* are are ¢ and ¢*, respecitvely, then

=0 =Bm—-—m")=8(f(x)) = f'(afz)) = L—1*=a(z) €Ima,

so ¢ and ¢* are mapped to the same class in Coker &« = L’/Im «, implying that this map does not
depend on the choice of m.

We omit all checks of exactness. O

§2.3.2 Exact Functor

In commutative algebra, the most common type of results about exact sequences is of the form whether
a functor preserves exact sequence or not. We begin with a (not very important) definition.

£l Definition 2.3.6 (Additive Functor).

Given rings R, S. We say that a covariant functor /' : R-Mod — S-Mod is an additive
functor if the map Homp (A, B) — Homg(F(A), F(B)) is an abelian group homomorphism.

Similarly, a contravariant functor ' : R-Mod — S-Mod is an additive functor if the map
Homp(A, B) — Homg(F(B), F(A)) is an abelian group homomorphism.

~ Example 2.3.7.

Here are some example of additive functors.

« The Hompg (P, @) functor. Fix an R-module P, we have the covariant functor
Homp(P, o) : R-Mod — R-Mod
M — Hompg(P, M).
To define the induced map, forany ¢ : M — N, we need to define amap ¢, : Hom(P, M) —
Hom(P, N). This map is simply compose by ¢: mapping 7 to ¢ o 7 (so we have diagram
P—M-2N ). One can check that it is additive.
« The Hompg (e, P) functor. Similarly, we have the contravariant functor
Homp(e, P) : R-Mod — R-Mod
M — Hompg (M, P).

To define the induced map, forany ¢ : M — N, we need to define amap ¢* : Hom (N, P) —
Hom(M, P). This map is simply compose by ¢: mapping 7 to 7 o ¢ (so we have diagram

M- N P)
« The “Mod I” functor For any ideal I C R, we have the covariant functor

F: R-Mod — R/I-Mod
M — M/IM.

For each map ¢ : M — N, one can define ¢, : M/IM — I/IN so that it commutes
with quotient projection. This functor is additive.
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El Definition 2.3.8 (Left and right exact functors).
An additive covariant functor is

« left-exact if for any left-exact sequence 0 -+ A — B — C, the sequence
0— F(A) - F(B) — F(C)
is exact.
« right-exact if for any right-exact sequence A — B — C' — 0, the sequence
F(A) - F(B) —» F(C)—0
is exact.

« exact if it is both left-exact and right-exact. (In particular, it perserves injectivity, surjec-
tivity, kernels, and cokernels.)

Similarly, an additive contravariant functor is

« left-exact if for any exact sequence A — B — C — 0, the sequence 0 — F(C) —
F(B) — F(A) is exact.

« right-exact if for any exact sequence 0 — A — B — C, the sequence F(C) —
F(B) — F(A) — 0is exact.

« exact if it is both left-exact and right-exact.

~ Example 2.3.9 (Trivial Examples of Exact Functors).

The identity functor is exact. The functor M — M @ M is exact.

However, being exact is generally quite a strong condition. Let us now investigate functors from
Example 2.3.7.

~ Proposition 2.3.10.

(a) The functor Hompg (P, e) is left-exact (i.e., exact sequence 0 — A — B — C gives exact
sequence 0 — Hom(P, A) — Hom(P, B) — Hom(P, C)).

(b) The functor Hompg (e, P) is left-exact (i.e., exact sequence A — B — C' — 0 gives exact
sequence 0 — Hom(C, P) — Hom(B, P) — Hom(A, P)).

(c) The mod-I functor is right-exact (i.e., exact sequence A — B — C — 0 gives exact
sequence A/TA — B/IB — C/IC — 0).

» Proof. (a) Given0 — A 4pn C is exact. We need to show that
0 — F(A) 25 F(B) = F(C)

is exact.

First, we show exactness at F'(A), i.e., ¢, is injective. Suppose ¢.(g) = ¢ o g = 0 for some g,
then for all p € P, ¢(g(p)) = 0. However, ¢ is injective, so g(p) = 0 forallp € P,so g = 0.

Now, we show exactness at F'(B), i.e., Im ¢, = Ker .. First, note that 7, (¢.(f)) = fogom =0,
so Im ¢, C Ker 7. In other direction, let ¢ € Hompg(P, B) such that 7,(9) = 7o g = 0. We
want to show that g = ¢ o f = ¢.(f) for some f. We have that for all p € P, w(g(p)) = 0, so
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g(p) € Ker m = Im ¢. With that in mind, we can define f(p) to be the (unique) preimage of g(p)
w.rt. ¢, so ¢(f(p)) = g(p). It is easy to see that f is a module morphism, and then we are done.

(b) Left as an exercise.

(c) You can try to prove this now, but this is a special case of Theorem 2.5.6 that we will prove
later. O

~ Exercise 2.3.11. Come up with counterexamples to show that the three functors in Propo-
sition 2.3.10 are not exact.

It’s worth noting that these proofs are particularly long and tedious, but it’s pretty routine. At each
step, there is only one thing you could possibly do.

One might wonder if exact functor also holds for long exact sequence. It turns out that this is the
case.

~ Lemma 2.3.12.

Suppose F' is an exact functor, then for any exact chain L Jom &N , the induced map
F(L) 2 par) B9 (N s exact.

» Proof. We have three exact sequences, each implying a new one by applying F":

0—-Kerf—o>L—->Imf—-0 = FXerf)—> F(L)— F(Imf)—0 (2.1)
0—>Kerg > M—>Img—0 = 0— F(Kerg) > F(M) = F(Img) =0 (2.2)
0—Img— N — Cokerg -0 = 0— F(Img) — F(N). (2.3)
The first exact sequence (2.1) implies that Im F'(f) = F(Im f). On the other hand,
23)

Ker(F(g)) = Ker(F(M) — F(N)) = Ker(F(M) — F(Img))
22 p(Ker g) = F(Im f).

Combining these two information gives exactness at F'(M). O

§2.4 Colimits

This section is only used in the proof of Chapter 10 (and only play supplementary role where it is used). It
may be skipped in the first reading.

Several properties about module (such as Cayley-Hamilton theorem and its consequences in Sec-
tion 2.2) requires hypothesis that the module is finitely-generated. Colimits will allow us to extend
some of those facts to infinitely-generated modules.

Z{l]z{i:a,nez}c(@.

As an example, consider

2 2
This is not a finitely-generated Z-module. However, one can write a chain of modules

1 1 1 1
7 C7C=ZcC---CZ|=
5LCLCgLC - C [2]

and one has the inclusion map

1 2 1 9 1 2
1 — -1 — =L — ....
2 4 8

We will now generalize this a bit by introducing a directed system. Throughout this section, let R be
aring.

§2.4.1 Directed System and Colimit
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28 2.4. Colimits

El Definition 2.4.1 (Directed System).
Given a poset [, a directed system M of R-modules for I is given by

« for each i € I, we have an R-module M;;

« if 4 < j, we have f;; : M; — Mj such thatif ¢ < j < k, we have fir. = fjr o fi;.

~ Example 2.4.2.

If I = N ordered by the usual <, then a directed system on [ is a sequence of modules and

morphism

MlgMgﬁ)Mg—)...

Now, we want to take the limit of the directed system. Given a directed system M, we want a
universal R-module M such that

« for eachi € I, we have p; : M; — M.

« for each i < j, we have p; o fi; = p;.

(i.e., we want all the arrows to be consistent).

M; = M,
fij

Therefore, we are going to state this in terms of universal property.
[ Definition 2.4.3 (Colimit).
Given a directed system M we say that an R-module M is a colimit (or direct limit) if

(a) there exists p; : M; — M such that whenever ¢ < j, we have p; o f;; = p; (ie,
everything commutes).

(b) for any R-module N and mapping ¢; : M; — N satisfying the above condition, there
exists unique ¢ : M — N such that ¢; = ¢pop; foralli € I.

M; = M,

and we denote it by M := ligqiel M;.

~ Example 2.4.4.

If the poset I has no relation, then hgl M; = EBZ-GI M;.

Let us prove that colimit exists and unique.
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~ Proposition 2.4.5 (Colimit exists and is unique).

For each directed system M7, hgrl M, exists and is unique (of course up to isomorphism).

» Proof. The uniqueness part follows the same pattern as universal property arguments, e.g., in Sec-
tion A.2. Thus, we focus on proving existence. We start with @,.; M;. Consider the submodule
K C @, generated by

(Ov'"707mi7~-'57fij(mi)307-"30)'

We claim that (€D, ; M;) /K works as the colimit. The map p; is by the composition M; — @, ; M; —
(691'6 I Mz) /K. The commuting criterion is satisfied by the modding out by K.

Now, given NV, by universal properties for direct sum, we have the map 5 : @ie 1 M; — N. Now,
the condition that ¢; = ¢; o f;; implies that K C Ker h, so h descends to (@iel Mz) /K — N, and
we are done. O

~ Example 2.4.6 (A boring example).

Consider the directed system with two elements, and consider the directed system M, EN M.

Then,
My @ M,

hgﬂMI N (ml, *f(ml)) = A

More generally, if I has a maximal element, then the colimit is going to be just the module at
the maximum element.

/ Exercise 2.4.7.

(a) Let I = N with relation being the usual <. Consider the diagram M; where M; = Z and
the map M; — M, is multiplication by 2. Prove that lim M; = Z[1/2].

(b) Let I = N but with relation being divisibility (i.e., 7 < j iff ¢ | j). Let
1
i

Prove that lim M; = Q.

At the beginning, we said that the reason why we introduce colimits because we want to study any
modules from finitely generated modules. Let’s now make this more precise by proving that colimits
actually generate all modules.

~ Proposition 2.4.8 (Colimit of finitely-generated submodules).

Given an R-module M, there exists a poset I and a directed system of finitely generated mod-
ules M7 such that M = li_n)lMI.

» Proof. This proof is mostly tautological. Let
I = {poset indexed by finitely generated submodules of M }.

Element ¢ € I correspond to module M;. We let ¢ < j iff M; C M;, and the maps is by inclusion. Since

M; € M and |J,.; M; = M, we can easily verify from universal property hgl M; =M. O
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E Remark 2.4.9 (Colimit indexed over a small category).

One can think of I as a category: the objects are elements of I, and there is a map ¢ — j iff
1 < 7. In that case, a directed system M} would be a functor from I to R-Mod.

Thus, one can generalize this by replacing a poset I with an arbitrary small category C
(a small category is a category whose a collection of objects and morphisms are both sets). A
directed system indexed over C'is a functor from C to R-Mod, and the colimit can be defined
very similarly. It turns out that colimit still exists and is unique.

82.4.2 Filtered Colimit Preserves Exactness
It turns out that under a mild condition on I, colimit preserves exactness. Let us make this more precise.
[] Definition 2.4.10.

A poset [ is filtered if and only if any finite subset S C I has an upper bound u such that
u > sforany s € S.

(Equivalently, I # () and any two elements in I has an upper bound.)

~ Example 2.4.11 (Filtered posets).
Most posets that we are considering the colimit is filtered.

« N with standard < is filtered.

« N with divisibility relation (cf. Exercise 2.4.7) is filtered; given m,n € N, mn is divisible
by both m and n, hence an upper bound.

« The poset corresponding to colimit in Proposition 2.4.8 is filtered. This is because for
any finitely-generated submodules Ny, ..., N, their sum N; + - -+ 4+ Ny, is a finitely-
generated submodule of M and is an upper bound of { Ny ..., N }.

On the other hand, it is easy to come of with poset that is not filtered: take I = {1,2, 3} with
only relation 1 < 2and 1 < 3.

El Definition 2.4.12 (Morphism of directed systems).

Given directed system M and N, a morphism from M7 to Ny is given by ¢; : M; — N, for
each i such that for each ¢ < j, the diagram

M; L

l@ szj

9gij
N; 5 N

commutes. This promotes hgl to a functor.

-/ Theorem 2.4.13 (Colimit preserves exactness).

Let I be a filtered poset. Suppose that

Ly Yy P,
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is a sequence of morphisms of directed systems such that L; % M; % N; isexactforalli € 1.
Then, we have the exact sequence

@Ll — hﬂM} — hﬂN]
We start with the following lemma, which is where the filtered condition comes into play.

~ Lemma 2.4.14.

Let I be a filtered poset, M} be a directed system, and M = lﬂ M;y. Let p; : M; — M be the
usual inclusion. Then,

(@) M = Uie]pi(Mi)

(b) Given m; such that p;(m;) = 0, there exists j > i such that p;;(m;) = 0.

» Proof. We do each part separately.

(a) We use the construction of colimit that M is a quotient of @, _; M;. Given m € M. Thus,

iel
m = pi, (mi,) + -+ + pi,, (m,,) (2.4)
for some iy,...,i, € Tandm;, € M;,,..., m;, € M, .

Pick j > 41,49,...,4,. Thus, for any @ € {1,...,n}, we have p; (m;, ) = p;(fi,j(mi,)) by
commuting condition, and so each of the summand in (2.4) is in p; (M), implying the conclusion.

(b) Suppose that p;(m;) = 0, then in ®ie 1 M;, we have that m; € K, where K is the submodule in
the explicit construction of colimits. In particular, there exists

¢ i1a2‘27'~-,in7jlaj23"'7jn €l

e ay,...,0, € R;and
e my, € M;,,my, € M, ..., m;, €M,
such that
ar(mi, — Piyjy (Mmiy)) + -+ an(mi, — pi,j, (mi,)) =m; (2.5)
Lettbeanupperboundofiy, ..., iy, j1,. .., jn. Thus, thereisamap M;,,..., M;, ,M;, ..., M;,

M. By universal property of direct sum, we get a map
FiM, @ &M, &M & &M, — M.
Taking f on (2.5), we get that (now in M)
a1 (Piye(miy ) = Dy iy gy (M) + -+ @n(Dine (M) = it (i, (M) = pis(ma),

and noticing that p;,+(m;, ) = pj,.+(Diyj. (Mi,)), we see that the left hand side is zero, meaning
that p;;(m;) = 0, as desired. O

» Proof of Theorem 2.4.13. We use the following notations.

o Let fi; : Ly = Lj, g5 : My — Mj, and hy; : N; — Nj be the transition functions in the directed
systems Ly, My, and Ny.

o Let L = ligLI,M:ling,andN = ligNI.

« Let the resulting mapsbe ¢ : L - M and ¢ : M — N.
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32 2.5. Tensor Product

It suffices to show exactness at M.

We show that Ker C Im ¢ Let m € M such that ¢(m) = 0. By Lemma 2.4.14 (a), m is image of
m; € M; for some i. Then, since 1)(m) = 0, we get that ¢;(m;) = 0. Thus, by Lemma 2.4.14 (b), there
exists j > ¢ such that h;;(¢;(m;)) = 0. Thus, ©;(g;;(m;)) = 0.

By exactness at M, there exists £; € L; such that ©;(¢;) = g;;(m;). Taking p; both sides gives
pi(¥;(¢;)) = p;(gij(m;)). However, the left hand side is ©(p;(¢;)), while the right hand side is
pi(m;) = m, so m lies in the image.

The proof that Im ¢ C Ker ¢ is essentially the reverse of this argument. O

~ Exercise 2.4.15. Complete the proof of Theorem 2.4.13.

§2.5 Tensor Product

Tensor product is a way to take product of modules. For general modules, the result is pretty strange,
so let us briefly describe what happens in a simpler case of vector spaces.

Given two k-vector spaces V' and W, one construct the tensor product, which is a vector space
V ®i W by considering a big vector space generated by symbols v ® w for eachv € V and w € W,
modulo the following relations:

cav®@w =v®aw = a(v @ w) for every a € k and v,w € V; and
e (v+V)Rw=(v@w)+ (vV®w) for every v,v' € Vandw € W.

e (w4 w)=vew)+ (veuw)foreveryv € Vandw,w’ € W.

If {e;}icrisabasisof V and {f;};csis abasis of W, then V@ W hasbasis {e; ® f; : i € I,j € J}.
(Proving that this set spans V' ® W is easy, but proving that this set is linearly independent requires
work.) In particular, dim(V ®; W) = (dim V)(dim W).

One can define tensor product of modules similarly to above (i.e., tensor product M ®r N of R-
modules M and N is generated by m ® n, modulo the relations similar to above). However, this defini-
tion makes it inconvenient to deduce properties. Thus, we change tack by considering defining tensor
product by a universal property. Through this, we see that tensor product tied closely with bilinear
map. In particular, there is a bijective correspondence between

{module morphisms M ® g N — P} +— {bilinear maps M ® N — P}.

This construction takes time to get used to, but we will see various applications throughout the
entire notes. The most prominent application being the ability to “change the coefficients” from e.g.,
R-algebra to C-algebra.

§2.5.1 Definition
» Bilinear maps
£l Definition 2.5.1 (Bilinear maps).

Given modules M, N, P, the map
¢:Mx N — P

is bilinear if and only if ¢ is R-linear in each entry.
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Chapter 2. Modules 33

Each map
f¢ M — HOIDR(N,P)

induces a bilinear map
p:MxN—=P
(m,n) = fo(m)(n).
This establishes a natural isomorphism between

{bilinear maps M x N — P} +— Hompg(M,Hompg(N, P)). (2.6)

» Universal property Tensor product can be thought of as a “universal module” represent those
bilinear maps.

El Definition 2.5.2 (Tensor products).

Given R-modules M, N, the tensor product M ®r N is an R-module T" with a bilinear map
¢ : M x N — T such that for any R-module P and a bilinear map ¢ : M x N — P, there
exists unique module homomorphism 7 : 7" — P such that ¢ = 7 o ¢.

M x N bilinear P

.

As usual with universal properties, M ® g N is unique up to isomorphism. Thus, we need to prove
that M ®pg N exists.

» Proof that M ®@p N exists. Take an enormous free module

F = @ Re(mm).

(m,n)eMxN

We have the obvious map M x N — F. Now, we need to mod out by something to force maps to be
bilinear. We let S be the submodule generated by

T€(m,n) ~ €(rm,n)
T€(m,n) = €(m,rn)
E(m+m’ ) — €(m,n) = E(m/,n)
€(mntn’) ~ €(m,n) ~ E(m,n/)-
(i.e., the things we want it to be zero). Then, one can compose M x N — F — F/Stoget¢: M x N —
F'/S, which is bilinear.

Now, for any P and ¢ : M x N — P bilinear, define 7 : F' — P by e(;;, ,y = ¥(m, n). Notice that
since 1) is bilinear, 7 descends to 7 : F'//S — P, one can take M ® g N = F/S. O

We also commonly denote m ® n to be the image of (m,n) under M x N — M ®pg N. From the
construction above, we get that

M ®p N is generated by pure tensors {m ®n:m € M,n € N} ‘

§2.5.2  Properties of Tensor Product

As we can see in the construction, the construction of tensor products is very annoying to work with.
Thus, we will prove properties of tensor product by using its universal properties instead.

- 33 -



34

2.5. Tensor Product

~ Proposition 2.5.3 (Basic properties of tensor products).

Let R be a ring and M, N, P be modules.

(@) M ®@r N ~ N ®r M (and the map is m ® n — n ® m).

(b) M ®r R ~ M (and the map is m ® r — rm).

() (M®N)®rP ~ (M®rP)&(N®pgP) (and the map is (m+n)®@p — (m®p)+(n®p))
(d) (M ®r N)®@r P~ M ®p (N ®@g P) (and the map is (m ®n) @ p— m ® (n ® p)).
() M ®R/I ~ M/IM for all ideal I C R.

» Proof. The proofs below all follows the same pattern: we construct maps in both directions using
universal property. This is best illustrated through the first few proofs.

(a)

(b)

(©

We have the bilinear map
MxN—=>NQrM
(m,n) — n®m,
so by universal property, we get a map
f M®r N —-N®rM
m@n—n®m.

Similarly, one can construct g : N @ g M — M ®pr N which takes n ® m to m ® n. Note that
flglm ®n)) =m ®n, so f o gand id coincide at pure tensors. Since M ®p N is generated by
pure tensors, it follows that f o g = id. Similarly, g o f = id, so we are done.

We have the bilinear map
MxR—M
(m,r) — rm,

so it projects down to the map f : M ®r R — M sending m ® r to rm. In another direction,
one has themap g : M — M ®p R sending m — m & 1.

To check that they are inverses, note that f(g(m)) = f(m ® 1) = m, so f o g = id. Similarly,
g(f(mer)=grm)=rmel=rme1)=maer,
so g o f and id coincide at pure tensors, implying that g o f = id.
Same pattern as before. We have the bilinear map
(M®N)®r P — (M®g P)® (N ®g P)
(m,n),p = m@p,n&p,
inducingamap f: (M ®N)®g P - (M ®r P)® (N ®g P).

Next, we construct the map from (M ®g P) ® (N ®r P) — (M ® N) ® g P. We note that the
map

MxP—(M&N)orP
m,p+— (m,0) @p

is bilinear, so it descend down to the map M @ P — (M @& N) ®g P that takes m ® p to
(m,0) ® p. Similarly, there isamap N ® g P — (M @& N) ®g P that takesn @ p to (0,n) & p.
Thus, we get a map

g MrP)®(N®rP)—~ (M&dN)®gP
mep,nep — (m0)®@p+ (0,n)@p.

We leave the reader to check that f and g are inverses.
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(d) One can follow the same argument as above. The other way is define a symmetric triple tensor
product M ® r N ® g P by the universal property that any trilinear map M x N x P — @ factors
through M ® g N ® g P. Then, show that (M ®r N) @ g P~ M ®r N Qg P.

(e) Define the map M x R/I — M/IM by (m,[a]) — [am)]. This givesamap f : M ®r R/I —
M /IM. In other direction, consider the map M — M ®p R/I by sending m € M to m ® [1].
Notice that im (for i € I and m € M) is mapped toim ® [1] = i(m ® [1]) = (m ® [i]) = 0, so
the map sends /M to 0, hence descends down to g : M/IM — M & R/I.1t’s easy to see that f
and g are inverses. O

I} Remark 2.5.4.

Part (c) works with infinite direct sum: M @ @,c; Ni = B, ;(M ®@r N;). However, it does
not work for infinite products.

Let’s do some examples of tensor product.

~ Example 2.5.5 (Computing tensor products).

« R¥" @ M = M®" (by Proposition 2.5.3 (b) and (c)).

« Inparticular, R¥" @ R®" = R®™" If{ey,... e, } and {f1,..., fn} are bases of R®™
and R®", respectively, then R @ p R hasbasis {¢; ® f; : 1 <i<m,1<j<n} A
special case of this is when R = k, in which we recover tensor product of vector spaces.

« Wehave R/I ® R/J = R/(I + J) because by Proposition 2.5.3 (e),
R/I©r R/J = (R/I) [ (J(R/I))
= (R/T) /(I +1)/T)
= R/(I+J).
« In particular, Z/mZ ®z Z/nZ ~ 7] ged(m,n)Z.

« By PID structure theorem (Theorem 2.1.2), every finitely-generated Z-module is a direct
sum of Z or Z/nZ. Thus, we know how to compute tensor product of any two finitely-
generated Z-modules. For example, we can compute

(Z/6Z ® L) @7 (/32 ® L]TL)

by expanding four terms and computing the direct sum of these. We get that the tensor

product is
Z/3ZSZLZ/3LS0PZL)TL.

§2.5.3 Right Exactness of Tensor Product

Let R be aring, and let M be an R-module. We have the functor
e R®r M : R-Mod — R-Mod
N— N®grM.

To define this functor, we need to, given morphism ¢ : N — P, defineamap N g M — P ®p M.
To do this, we note that the map

NxM—=P®rM
(n,m) = ¢(n) @ m

is bilinear, and so by universal property of tensor, we get the map ¢.. : N @ M — P ®p M (the map
is also often denoted ¢ ® id) that sends n ® m to ¢(n) @ m.

It turns out that this functor is right-exact.
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36 2.5. Tensor Product

~ Theorem 2.5.6 (Tensor is Right Exact).

Fix an R-module M, the functor M ®p e is right-exact.

This theorem is useful in computing tensor product of quotient because given the exact sequence

N L M — M/N — 0,

then the theorem gives the exact sequence

N@rP L M@pP — M/NogrP — 0,

and so
M/N ®pg P = Coker f,.

Therefore, given M ® p P and N ® P, one can compute M /N ®p P.
The idea of this proof is the following proposition.

~ Proposition 2.5.7 (Tensor and Hom are adjoint).

For any R-modules M, N, P, we have

Hompgr(M ®r N, P) = Homg(M,Hompg(N, P))

» Proof. By universal properties, there is an isomorphism between
Hompg(M ®g N, P) +— {bilinear maps M x N — P}.
However, from (2.6), this has a correspondence to Hom g (M, Hompg(N, P)). O
~ Lemma 2.5.8 (Converse of exactness of Hom).
Let R be aring, and let A, B, C' be R-modules. Suppose that we have a sequence of maps
AL B4 0 —o.
If the sequence after applying Hompg(e, T') functor
0 — Homp(C,T) — Hompg(B,T) — Hompg(A,T)

is exact for all R-module T, then the A — B — C — 0 is exact.

» Proof. The proof is in three steps.

1. Im f C Kerg. Take T = C. Then, the identity map id € Homg(C,T) is sent to id o f €
Homp(B,T) and thenido fog € Hompg(A, T'), so by exactness at Homp (B, T),ido fog =0,
so f o g = 0, which implies Im f C Kerg.

2. g is surjective. We pick ' = C//Im g and let 7 : C — C/T be the projection map. Then, note
that under the map Homp (C,T) — Hompg (B, T'), element 7 € Homp(C,T) is sentto mrog = 0.
However, this map is injective by exactness at Hompg(C, T'), so 7 = 0, and so g is surjective.

3. Kerg C Im f. Weset T = B/Im f and let ¢ : B — T be the projection map. Under the
map Homp(B,T) — Hompg(A,T), element ¢ € Homp(B,T) is sent to ¢ o f = 0. Thus,
¢ € Ker(Homp(B,T) — Hompg(A,T)).

By exactness at Homp(B,T'), ¢ is in image from Homp(C,T'). In other words, there exists
¥ : C — B/Im(f) such that 1) o g = ¢. Therefore, if b € Ker g, then g(b) = 0, so ¢(b) = 0,
implying that b € Im f. O
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Now, we are ready to prove Theorem 2.5.6
» Proof of Theorem 2.5.6. Given the exact
L—-N—P—0,

we want to show that
M®rL—>M®zrN—>MxrP —0

is exact. By Lemma 2.5.8, it suffices to show that
0— HOl’IlR(M QR P,T) — HomR(M SR N,T) — HOIHR(M QR L,T)

is exact. However, by Tensor-Hom adjunction (Proposition 2.5.7), we have Homgz(M ®p P,T) =~
Homp(P, Homp (M, T)). Thus, it suffices to show that

0 — Hompg(P,Homg(M,T)) = Hompg(N,Hompg(M,T)) — Hompg (L, Homg(M,T))
is exact, but this follows from Hompg (e, Hompg (M, T')) is left-exact by Proposition 2.3.10 (a). O
il Remark 2.5.9.

A special case of Theorem 2.5.6 is when M = R/I, in which case N — N ®g R/I = N/IN,
giving the mod-I functor. This proves Proposition 2.3.10 (c).

» Flat Modules
£ Definition 2.5.10 (Flat modules).

A module M is flat if M ®p e is exact (equivalent to preserve injection).

~ Example 2.5.11 (Examples of flat modules).

« Free modules R®™ are flat.

« More generally, (M;);c; is flat for all ¢ if and only if @, _; M; is flat.

iel

« Z/2Z-module is not a flat Z-module because tensoring Z 2, 7 with Z /27 gives a zero
map.

« More generally, any flat module is torsion-free: if M is a flat R-module, then there is no
a € R that is not a zero divisor such that am = 0 for allm € M.

« In particular, using the above bulllet point when R = 7Z and applying PID Structure
theorem (Theorem 2.1.2), we deduce that every finitely-generated flat Z-module is free
(i.e. of the form Z®™).

« However, we will prove later in Corollary 3.2.4 that Q is a flat Z-module.

We will study flat modules in detail in Chapter 10.

§2.5.4 Base Change

£l Definition 2.5.12 (R-algebra).

Given a ring R, an R-algebra is a ring S with homomorphism f : R — S. It has the obvious
R-module structure.
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Let S be an R-algebra. Recall the “restriction of scalar” functor that given an S-module N, one can
construct the R-module p N by forgetting multiplication in S. What about other direction?

In another direction, we have the following construction.

[£] Definition 2.5.13 (Base Change).

Given an R-module M, the base change of M to an S-module is the module M ®p S. It has
the structure of S-module, and the scalar multiplication is defined by

r(my) =me xy.

~ Example 2.5.14.

If M =R R=R,and S = C, then M ® S = C3. This operation is not inverse with
restriction of scalars, because if we restrict C3 back to R-module, we will get RS instead.

If M is an R-algebra, it turns out that you get the algebra structure as well.

~ Proposition 2.5.15 (Tensor product of algebras).

Let R be a ring and S, T be R-algebras, then S @ T is an R-algebra, and the multiplication
structure is given by
(a®b)(a ®@b) = ad @ bb

» Proof. To promote an R-module to R-algebra, we need to define the multiplication map between
two elements in S @z T'. We have the map

(SxT)x(SxT)—=>S®rT
a,b,a’, b/ — aa’ @ bb,

which is bilinear in a and b (when a’ and b’ are fixed) and bilinear in o’ and b’ (when a and b are fixed).
Thus, by universal property of tensor product, it descends down to the desired multiplication map. One
can check that this satisfies all ring axioms (the identity is 1 ® 1, and associativity, commutativity, and
distributivity holds). O

To compute base change, we have the following useful lemmas.
~ Lemma 2.5.16 (Base change polynomial rings).
Let S be an R-algebra. Then,
(a) We have R[z1,...,2,] ®r S ~ S[z1,...,x,] as S-algebras.
(b) Suppose that fi,..., fm € R[z1,...,z,] and g; is the image of f; in S[z1, ..., z,], then

R[$1,...,ajn]
(fla"'?fm)

S[$1,...,Z‘n]

®prS =
R (gla"'vgm)

as S-algebras.

» Proof.  (a) Follows the same pattern as all tensor product proofs in Proposition 2.5.3, so we will not
go in full detail. In one direction, we can send sz{* - - - z&" to s ® z{* - - - &, To find the inverse
map, note that

Rlxy,...,2p) @ S — S[z1,...,24]

€n

et xt @ s > rsait

is bilinear, giving the desired inverse map by universal property of tensor.
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(b) We use right-exactness of tensor product Theorem 2.5.6. Tensor

R[l‘l, ce ,.Z‘n]
fiso s fm) — Rlz1,... 20 — —/———F—— — 0
(1 ) [1 ] (fla"'afm)
with S to get a right-exact sequence
Rlzq,...,zy
(91, ,9m) — S[z1, ..., ] — M@)RS—)O,
(f17 ey fm)
which implies the result. O
Thus, for example,
Rz, y] Clz,y]
C= .
(0 — 22 — 20252) T (4 — a2 — 20257)

Therefore, base change is essentially a process to change the coefficient rings to C.

~ Example 2.5.17.

We have

R[z]
(2 +1)
__Cla]

(x2 +1)

Clz] Clz]
@+i)  (x—19)
=CxC.

CerC= ®r C

(Lemma 2.5.16)

Thus, C @g C ~ C x C as R-algebra. Can you describe the bijection explicitly?

§2.6 Problems

Problem 2.A. Let A = C[z, y]/(xy) and M be an A-module with generators a and b and single relation
za + yb = 0. Prove that M is not free.

Problem 2.B. Let A = Z[/—5] and I = (2,1 + +/—5) be an ideal. Prove that

(@ IdI~A® A (as A-modules);
(b) T®al~A.
See Problem 7.D for a general result.
(Recommended approach for (b): right-exactness.)

Problem 2.C. Let A be a ring and [ be a finitely-generated ideal such that /2 = I. Prove that there
exists z € I such that I = () and 2° = .

Problem 2.D. Let A be a local ring, and let P and Q be A-modules such that P @ Q ~ A®" for some
integer n > 0. Prove that P and () are free.

Problem 2.E. Let A be a ring and M be a finitely-generated module. Prove that any surjective map
¢ : M — M is an isomorphism.

(Hint: apply Nakayama’s lemma on an A[z]-module.)

Problem 2.F. Let R be a ring, and let P be an R-module.
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(a) Prove that the following are equivalent:

(i) For every surjective map ¢ : P — N, there exists a map ¢ : N — P such that ¢ o ¢ = id.
(i) If0 - M — P — N — 0is an exact sequence, then P ~ M @& N.
(iii) There exists a module () such that P @ () is free.

(iv) For every surjective map of modules ¢ : M — N, the induced map ¢, : Hompg(P, M) —
Hompg (P, N) is surjective (i.e., Hompg(P, ) is an exact functor).

Module P is said to be projective if it satisfies the above (equivalent) conditions. Free modules
are projective. By Problem 2.D, any finitely-generated projective modules over local ring is free.
It is true, but much more difficult to prove, that any projective module over local ring is free. See
[Stacks, Tag 0593] for the proof.

(b) Prove that projective modules are flat.!
(c) Prove that Q is not a projective Z-module.

Problem 2.G. Prove that colimit commutes with tensor product. In other words, given that [ is a
filtered poset, (M;);cr is a directed system of R-modules, and N is an R-module, prove that

lim(M; @ N) ~ (@MJ ®gr N.

i€l iel

(Recommended approach: universal property.)

Problem 2.H. Compute the following tensor products.

(@) K[z, y] @[z klx,y], as a k[z]-algebra.
(b) Q(V/2) ®g Q(3/2), as a Q-algebra (for this one, answer as a product of fields).
(c) Q/Z ®7 Q/7Z as a Z-module.

Problem 2.I. A rectangle is great if and only if it has at least one rational side length. Suppose that
a rectangle R is tiled (with no overlap or empty space) by several axis-aligned great rectangles. Prove
that R is great.

IConversely, you will see in Corollary 10.2.8 that finitely-generated flat modules are projective.
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In this chapter, we will discuss one of the most important construction in commutative algebra: local-
ization. The motivation of localization is the construction of the fraction field Frac R from an integral
domain R. We would like to generalize this construction to specify which element can and cannot be
the denominator. Soon, we will quickly see that this construction allows us to “zoom into” the ring R
and study them at the level of either open sets (read: D(f) for f € R) or points (read: prime ideals p).
In the latter case, we get a local ring, which is usually easier to study.

§3.1 Localization of Rings

§3.1.1  Definition and Explicit Construction
We will define localization by its universal property and then construct it later.
] Definition 3.1.1 (Multiplicative set).
Given a ring R, a subset S C R is a multiplicative set if and only any finite product of
elements in S is in S. In particular, the empty product, 1, must be in .S.
£l Definition 3.1.2 (Localization).

Let R be a ring. Let S C R be a multiplicative set. Then, the localization of ring S~ R is a
ring with map ¢ : R — S™!R such that

« ¢(s)isaunitforall s € S.

« Universal property. For any R-Algebra A withmap 1) : R — A such that ¢(s) is a unit
forall s € S, the map ¢ factors through .S ~LR: there is a unique map ) : ST'R — A
such that ¢ = v o ¢.

~ Theorem 3.1.3.

S~1R exists and is unique.

As usual with universal property, the uniqueness is automatic.
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To construct localization, let the set of fractions be

RXS:{Q:: (a7s)}.

S

Of course, we have to handle something like % = %. We thus define an equivalence relation & ~ % if
and only if at — bs = 0. However, this is not an equivalence relation (when R is not a domain).

To salvage this, we make a slightly different construction: We say that

b
gfv% <= wu(at — bs) = 0 for some u € S,
s

and one can check that this is an equivalence relation, and we may let

S‘lR:SXR.

~

We may define addition and multiplication by the usual high school fraction operations:

a b at+bs
STET T w
a b_ab

s t st

When writing this, one needs to check that the equivalence relation behaves well with respect to ad-
dition and multiplication. This is very tedious and hence omitted. We can also define the inclusion

R — Aas¢(a) = 1.

~ Proposition 3.1.4.

The construction of S~! R above satisfies universal property.

» Proof. Given 1) : R — A such that 1(s) ! exists for all s € S, one can define the map
J: STIR— A
a _
@)

One can check that this map respects the equivalence relation: if u(at — bs) = 0, then ¥(a)(s) ™! =
¥ (b)(t) L. To do so, note that

and since ¢ (u), ¥ (1), 1(s) are units, one can multiply by P(u) "L (s) Ly (t) =1 on both sides to get
that v is well-defined.

Finally, it’s obvious that {/; satisfies the universal property. O

§3.1.2 Examples

~ Example 3.1.5 (Fraction Field).

If R is a domain and S = R\ {0}, then
SR =: FracR

is a field.
For example, if R = Z and S = Z \ {0}, then FracZ = S~'Z = Q.
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~ Example 3.1.6 (Localization at one element).
Take R = C[x] and S = {(x — 1)* : k > 0}. Then,

S71CJz] = {(g(”?)k g€ C[:v]} .

Geometrically, this ring is a ring of function defined everywhere at C \ {1}, thus allowed to
have poles at 1.

~ Example 3.1.7 (Two common localizations, in Z).

Take R = Z. There are two common localization about some prime, say 5.

« Take S = {5" : k > 0}, we get Z [1] € Q.

« Take S ={n:5{n}toget S™'Z = Ze) = {4 : 51b}.

~ Example 3.1.8 (The two most important examples of localization).
Let R be a ring. Then, there are two important examples.

(a) Localization away from f. For any f € R, take S = {1, f, f2,...,} to get

RJz]

ST'R=R;=R[f = i1

(b) Localization at prime ideal p. For any prime ideal p, take S = R\ p to get
ST'R =R,.

When R is a domain and p = (0), we get the fraction field.

§3.1.3 Ideals of Localization

Let’s discuss how ideals behave under localization. From the map ¢ : R — S —1R, the ideal I extends
to ideal

ST .= {Z 1i € I} Cc S7'R.
s
It turns out that every ideal of S™! R is of this form.
~ Proposition 3.1.9 (Every ideal is extended ideal).

For all ideal J C S~ R, we have S~1(¢~1(J)) = J.
In particular, every ideal in S —1R is of the form ST for some ideal I C R.

» Proof. Foralla € R and s € S, each of the following is equivalent to the next.

eJ

€ J. (Proof: s is a unit in S~ R).

€ o7 (J).

A ) O

=R wle

.
Q

)
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~ Theorem 3.1.10 (Prime ideals of localization).

Let R be a ring, S multiplicatively closed, and ¢ : R — S~! R be the canonical map. There is a
correspondence between
{prime ideals of S™' R} < {prime ideal p C R such that pN S = ()}

g ¢ g
Sy —ip.

» Proof. The proof is in several steps.

« The first map is well-defined. ¢~ !q is prime because contraction of prime ideal is prime. More-
over, ¢~ 'q does not meet S because if s € Sand s € ¢~ 'q, then ¢(s) € g, but ¢(s) = % is a unit
in ST'R, so g = SR, a contradiction.

+ The second map is well-defined. Let p be a prime ideal that does not meet .S. We first show
that foralla € Rand s € S,
2eSp < acp (3.1)

The direction (<=) is clear. For the direction (=), suppose that ¢ = 2 for some b € pand t € S.
Then, there exists u € S such that u(at — bs) = 0. Reducing modulo p gives uat € p. However,
u,t € S, so they are not in p, so a € p.

Finally, if ¢ and % are in S~' R such that e % € S~1p, then by (3.1), ab € p, and so either a € p
or b € p. Thus, either 2 € S~'por 2 € S~'p. Hence, S~'p is prime.

« For all prime q C S™'R, we have S™!(¢~'q) = q. Follows from Proposition 3.1.9.

« For all prime p C R that does not meet S, we have ¢~ (S~1p) = p. Indeed, each of the
following is equivalent to the next

-a€¢ (S p)
- 2eS
- a e p. (by (3.1) O

Recall that spectrum of a ring is the topological space of prime ideals of a ring.
~ Corollary 3.1.11 (Spectrum of localization away from an element).

For all f € R, we have
Spec R[1/f] ~D(f) ={p: f &p},

which is an open subset of Spec R.
~/ Corollary 3.1.12 (Spectrum of localization at a prime ideal).
For all prime ideal p, we have

(a) Spec Ry ~ {q:q C p}.

(b) R, is alocal ring with unique maximal ideal pR,,.

We now explain where the term localization comes from.
« Spec R[1/f] is the open subset D(f) of Spec R of points where % is defined. In other words,
functions in R[1/ f] are rational functions defined on the open set D(f). We are localizing away

from points that f vanishes, and this explains why it gets the name “localization away from f”.
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« In contrast, Spec R/(f) is V(f), which is complement of D(f).

+ Spec Ry, is the intersection of all open sets containing p. Thus, functions (read, elements) in
R, corresponds to rational functions defined on some neighborhood of p. In particular, we are
essentially zooming into just point p, and this is why it gets the name “localization at p”.

To drive the point home, let us draw picture of Spec Clz], = Spec Clz, 27 '] and Spec C[z] ().

« All prime ideals of Spec C[z, z71] are (0) and (z — «) for all @ € C\ {0}. Thus, it is an affine
line minus point 0.

« All prime ideals of Spec C|z](,) are (0) and (z). Thus, Spec C[z](,) has only two points, and all
closed sets are 0, {(z)}, {(0), (z)}.

Spec Clz] ()

3
J
5 —
=

-
-

Spec Clz, :13_1‘]”‘ (JL +2) (z — 3) ()

63.1.4  Localization Commutes with Everything

Localization commutes with everything you can ever imagine. In this subsection, we state various
theorems of this sort. We omit all proofs because they are all routine. (In fact, you should be able to
prove it yourself.)

As as setup, let R be a ring, S be a multiplicatively closed subset, and ¢ : R — S~!R be the
canonical map a — {.

~ Proposition 3.1.13 (Localization Commutes with Quotient).

Let [ be an ideal of R and S be the image of S in R/I, then

S7'R
(¢(1))

SR/ =

~ Proposition 3.1.14 (Localization in Stages).

Let T be another multiplicatively closed subset of A, and let U be the image of T in S™!R.
Then,
U Y S™'R) = (ST)'R,

where ST = {st : s € S,t € T}.
~ Proposition 3.1.15 (Localization Commutes with Nilradical).

We have S~1(Nil R) = Nil(S~!R). In particular, if R is reduced (no nilpotent element), then
sois ST'R.

~ Proposition 3.1.16 (Properties Preserved by Localization).

(a) If R is a domain, then S~!R is a domain.
(b) If Ris a PID, then S~ R is a PID.
(¢) If Ris a UFD, then S~ R is a UFD.
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46 3.2. Localization of Modules

7 Exercise 3.1.17. If you wish, prove all of the above theorems.

§3.2 Localization of Modules

§3.2.1 Definition and Basic Properties
The easiest way to define localization of modules is to base change from R to S™!R.

] Definition 3.2.1 (Localization of modules).

Let R be a ring and S be multiplicatively closed. Then, S~!R is an R-algebra. Thus, one can
define localization of module M as

S™'M =S 'Regr M.

This can be constructed explicitly as follows.

-~/ Proposition 3.2.2 (Explicit construction).

We have
G107 — M><S,

~

where the equivalence relation ~ is defined by

m
— <= there exists u € S such that u(tm — sm’) =0.

~

m/
S t

» Proof. There is nothing difficult in this proof.
Let M’ = (M x S)/ ~ be the construction above. The map

ST'Rx M — M’

a am
—Xm— —
S S

is bilinear, and hence descend down to the map S~ IR@rM — M. Clearly, this map is surjective. Now,
we show that it is injective. First, we claim that every element in SR ® g M can be written in form
% ®m where s € S and m € M. To prove this, suppose we have one such elementz = >, SE@m;.
Lets =51 -8,,t; = Hj# s;. Then, we can rewrite

n n n .

a; ait; 1 1 .
x:Z;:@)mi:Z ;Z®mizzs®aitimi:8®<Zaitimi>:S®m,
=1 i=1

i=1 =1

as claimed.

Now, suppose that % ® m is mapped to 0. Then, ™ = 0 in M’, so there exists u € S such that

um = 0. Therefore,
1 1
- dm=u ( ® m)
s us

implying that the map is injective. O

1
— @um =0,
us

§3.2.2  Exactness

Having localized modules, one can think of localization as a functor between R-modules. This functor
is automatically right-exact by Theorem 2.5.6 because it is tensoring with S~! R. However, more is true.
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~/ Theorem 3.2.3 (Localization is exact).

The functor S~'e defined by M + S~!'M is exact. In other words, an exact sequence 0 —
L — M — N — 0 gives the exact sequence

0— S 'L —9"'"M — S 'N—0.

» Proof. From Theorem 2.5.6, it suffices to show that S~'e preserves injectivity. Suppose f : L — M
is injective. We need to show that S~!L — S~!M is injective. Suppose that there exist [ € L and

s € S such that @ = 0. This implies that there exists ¢t € S such that ¢f(l) = 0 € M. However, this
implies that f(¢l) = 0,sotl =0, or é = (, so we are done. O

~ Corollary 3.2.4 (Localization is flat).

For any ring R and any multiplicative set S, we have S~ R is a flat R-module.

(In particular, Q is a flat Z-module.)

§3.2.3  Localization Commutes with Everything II
Let S be a multiplicative set of R.
~ Proposition 3.2.5 (Localization Commutes with Sum and Intersection).
If M is an R-module and N and P are submodules of M, then
(@) S"Y(M/N)=S"'M/S~IN.
b) SN+ P)=S"IN+S71P.
() STYNNP)=S"INNnS~IP.

~ Proposition 3.2.6 (Localization Commutes with Tensor Product and Hom).

Let M and N be R-modules, then

(a) S_l(M [59)3 N) =S M ®s-1p S—LIN.
(b) S™'Hompg(M,N) = Homg-1z(S™1M,S™IN).

/ Exercise 3.2.7. Prove both of the above theorems.

§3.3 Local Properties of a Module

We will now discuss local properties, which is how properties of localization transfers to the global
ring. The first one is being the zero module or not.

~ Proposition 3.3.1 (Being zero module is stalk-local).

Let M be an R-module. The following are equivalent.

(& M =0
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(b) M, = 0 for all prime ideal p.

(c) My, = 0 for all maximal ideal m.

» Proof. Clearly (a) = (b) and (b) = (c). so we need to check that (c) = (a).

If My, = 0 for all maximal ideal m, then for each y € M, we have % = 0 in M,,. Thus, there exists

a ¢ m such that ay = 0 € M. However, this means that Ann(y) ¢ m for each m, so by Krull’s theorem
Theorem 1.3.6, Ann(y) = R, soy = 0. O

We say that M, is a stalk of M at point [p] € Spec R. Thus, the previous proposition says that
“M = 0is a stalk-local property”. We now discuss more stalk-local properties.

~ Corollary 3.3.2 (Injectivity and surjectivity is stalk-local).
Let ¢ : M — N. Then, the following are equivalent.

(a) ¢ : M — N is injective.
(b) ¢p : M, — N, is injective for all prime ideal p

(€) ¢m : My — Ny, is injective for all maxmial ideal m.

The same statement holds when injective is replaced by surjective and isomorphism.

» Proof. Let K = Ker ¢. Then, by exactness of localization Theorem 3.2.3, the exact sequence

0— K —M-2N

gives the exact sequence

0— Kp — M, 2% N,
so K, = Ker ¢, for all prime ideal p. Therefore, (b) is equivalent to K, = 0, while (c) is equivalent to
K = 0. Apply Proposition 3.3.1 on K.

To prove a similar statement for surjectivity, we apply Proposition 3.3.1 on Coker ¢ instead. O

The above proposition gives a good way to check whether myq, ..., m,, generates M or not. Let
¢ : R®" — M sending the i-th basis element to m;. With knowledge of localization, we have that

mi, ..., m, generates M <= ¢ is surjective

<= ¢ is surjective for all m

m m
Tl, e Tn generate M,
< my,..., M, generate My, /mM,,,

where the last step follows from Nakayama’s lemma Corollary 2.2.5. This is a convenient procedure to
check if something generates the module because the last thing is a vector space.

Now, let’s discuss some more local properties.

~/ Corollary 3.3.3 (Reduced is stalk-local).

R is reduced if and only if Ry, is reduced for all maximal ideals m.

» Proof. Apply Proposition 3.3.1 to Nil(R), noting that localization commutes with nilradical Propo-
sition 3.1.15 O
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~ Proposition 3.3.4 (Flatness is stalk-local).

For any module M, M is flat if and only if My, is flat for all maximal ideal m.

» Proof. The left-to-right direction is easy. We prove that the last implies the first. Given an injective
map L — N, then L, — Ny, is injective. Thus, we get the injective map

Mm ®Rm Lm — Mm ®Rm Nm-
However, from the lemma above, we have that both sides are isomorphic to
(M ®p L) = (M ®g N)n-

Then, since injectivity is local property, we get an injective map M ®r L — M ®p N. All the maps
are natural, so we get the same map as what we wanted. O

We have seen many stalk-local properties. However, not all properties are stalk-local.

~ Example 3.3.5 (Finitely-generated is not stalk-local).

Being finitely-generated is not a stalk-local property. For example, let R = Z and
_ 1 1 1 1
M=35Z+32+:2+5Z+... CQ

(the sum runs through primes). Then, for any prime p, M) = %Z(p). Thus, My, is finitely-
generated for all maximal ideal m. However, one can check that M is not finitely-generated.

63.4 Locally Free Modules
63.4.1 Definition and Examples

El Definition 3.4.1 (Locally free modules).

Let A be a ring. A module M is locally free if for every prime ideal p, the localization M, is
a free Ap,-module.

A module M is locally free of rank 7 if for every prime ideal p, M, ~ A?T.

Locally free modules are interesting for two reasons.

« They are a natural setting to do multilinear algebra (e.g., tensor product, wedge product, dual,
trace, determinant).

« They encompass a much larger class of examples than free modules. For example, if K is an
algebraic extension of Q and O is the ring of integer, then any ideal of Ok is a locally free
Ok -module of rank 1. This will follow from results in Chapter 7.

Consequently, linear algebra over locally free modules is used in number theory to define norm, traces,
discriminants, etc. For the rest of this section, we introduce how to do linear algebra over locally free
module.

We do one example that we can simply calculate explicitly.
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~ Example 3.4.2.

Let A =Z[v/—5]and I = (2,1 + +/—5). We show that I is locally free. To do this, we observe
the following.

« If fi = 2, then Iy, is locally free because 2 is a unit in Ay, , so I, is a unit ideal.

« If fo = 3, then Iy, is locally free because 2 - 3 = (1 +1/—5)(1 — v/—5), and since 3 is a
unit, it follows that 2 is divisible by 1 4- /=5 in Ry,, so Iy, is generated by 1 + +/—5.

For every prime ideal p, either 2 ¢ p or 3 ¢ p, so I, ~ A, for all prime ideal p.

§3.4.2 Linear Algebra on Locally Free Modules

Properties of Hom and tensor that carries over from vector spaces (or free modules) do carry over to
locally free modules. An example is given below.

~/ Theorem 3.4.3 (Linear algebra on locally free modules I).
Let P and @ be finitely-generated locally free A-modules.

(@) P®4 Q and Hom(P, Q) are finitely-generated locally free modules.
(b) If RV = Hom(R, A) for all locally free module R, then (PY)V ~ P.
(c) For any module M, Hom(P, M) ~ PV ®4 M.

» Proof.  (a) Note that for every prime ideal p, (P ®4 Q) ~ P, ®4, Q) (by Proposition 3.2.6) is
free because it is a tensor product of free modules. Similar reason goes for Hom(P, Q).

(b) We have a canonical map P — (PV)V given by
¢:P— (PV)Y
m = (f = f(m)).

By Corollary 3.3.2, to show that this is an isomorphism, it suffices to show that ¢,, : (Pg/ )Y — P,
is an isomorphism for all prime ideal p. Thus, it suffices to prove that ¢ is an isomorphism for all
finitely-generated free modules P, ie., P ~ A®".

To do this, let eq, . .., e, be the basis. Then, observe that

« f1,..., fr is abasis of PV, where f;(e;) is equal to 1 if i = j and 0 otherwise.

 G1,...,9r is abasis of (PY)" where g;(f;) is equal to 1 if i = j and 0 otherwise.
It is then easy to see that g; = ¢(e;), so ¢ is surjective, hence an isomorphism.

(c) Again, we have the canonical map in one direction

¢: PY ®4 M — Hom(P, M)
fem—= (n—mf(n)).
By the same argument as (b), it suffices to check that this is an isomorphism for the case when P

is a finitely-generated free module. One can do this by computing the basis explicitly, similar to
above. O

We can even define determinants on locally free module. First, let us recall the abstract definition
of determinants.
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El Definition 3.4.4 (Exterior power).

Let A be a ring and M be an A-module. A bilinear pairing ¢ : M™ — P is an alternating
pairing if ¢(z1, ..., x,) = 0 whenever two of x; and z; are equal.

The n-th exterior power is the module A" M with an alternating pairing ¢ : M" —
A" M such that any alternating pairing 1) : M™ — P factor through 1:

The explicit construction of exterior power is as follows:

MeEn
N'M = 7
(+@m®---@dme®---=0forallm € M)
and the image of (myq, ..., m,) under the inclusion is denoted my A - - - A m,.

Observe that since (z +y) A (z +y) = 2 Az =y Ay = 0, we get by expanding (z + y) A (z + y)
that
(xAhz)+(xAhy)+WAz)+(yYAy) =0 = zAy=—(yAz).

(i-e., wedges anticommute).

A" is a functor. Given a morphism of modules ¢ : M — N, we have the morphism

N'6: N'M = AN
(g A+ Ama) = ((m) A -+ A b))

[£] Definition 3.4.5 (Determinant).

If P is a locally free module of rank r, then the determinant of P is the top exterior power
det P := /\T P, which will be a locally free module of rank 1.

~ Example 3.4.6.

Suppose that P = A®2, with basis e; and ey. Let ¢ : P — P such that ¢(e1) = ae; + bey and
¢(e2) = ce1 + des. Then, the map /\2 ¢ sends e1 A es to

acer Aey) +ad(er Aea) +be(ea Aer) + bd(ea A es)
ad(ey A ea) + be(es Aeq)
(ad — be)(eg A e2).

(ae1 4 bea) A (ceq + deg)

Thus, the map is multiplication by determinant ad — be.

If P is a free A-module, then any linear map ¢ : P — P will induce a scalar multiplication on
det P — det P, and this scalar is simply the determinant corresponding to matrix representing ¢.
However, if P is only locally free, then det P can be any locally free module of rank 1.

Many properties of determinants in linear algebra carry over and can be proven simply by reducing
to free modules.

~/ Theorem 3.4.7 (Linear algebra on locally free modules II).

Let A be a ring.

(a) If P and (@ are locally free A-modules of rank r, then ¢ : P — () is an isomorphism if
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and only if A" ¢ : det P — det Q is an isomorphism.

(This is an analogue of theorem of linear algebra that a matrix is invertible if and only if
the determinant is nonzero.)

(b) If P and @ are locally free A-modules of rank p and ¢, then

det(P & Q) ~ (det P) ® (det Q).

» Proof. One can quickly reduce to the case where P and () are free. (For (b), one needs to provide the
obvious map in one direction.) We leave this as an exercise to the reader. O

83.5 Problems

Problem 3.A. Construct a ring R # 0 such that R, is a domain for all prime ideals p but R is not a
domain.

Problem 3.B. Give a new proof of Proposition 1.4.1 by considering localization Ry.

Problem 3.C. Let R be a ring and p be a prime ideal of R that is minimal under inclusion. Prove that
every element of p is a zero divisor.

Problem 3.D.  (a) Is the maximal ideal of the local ring (C|z,y]/(y* — 2* — x)) (4, principal?

(b) Is the maximal ideal of the local ring (C[z, y]/(y* — 2® — #%)) (4., principal?
In both parts, we are localizing at maximal ideal (z, y).
(Hint: look at m/m?2.)
Problem 3.E. Let A be a domain and K = Frac A. The rank of an A-module M is defined as
rank 4 (M) = dimg (M ®4 K).

(a) What is the rank of the Z-module Z3 ® Z/12 @& Z/4?
(b) If there is an exact sequence of A-modules
0O— M — My — ... — M, — 0,
prove that """ | (—1)"rank 4 (M;) = 0.
Problem 3.F. Let R be a ring, and let M be a finitely-presented module.
(a) Prove that if p is a prime ideal such that M, is free, then there exists f ¢ p such that My is free.!
(b) Deduce that the following are equivalent.

o My, is free for all maximal ideals m.

+ M, is free for all prime ideals p.

« There exists fi1,...,f, € R generating a unit ideal such that My, is free for all i =
1,2,...,n.

Problem 3.G (Gluing). Let A be aring, and let f1,..., f, € A generating a unit ideal. For each i, let
gi € Ay, such that for all 7,5 € 1,2,...,n, g; and g; map to the same element in Ay, ;. Prove that
there exists an element g € A such that g maps to g; € Ay, foreachi € 1,2,...,n?

(Hint: use the fact that £V, &V, ..., fN generate the unit ideal.)

Problem 3.H. Prove that locally free modules are projective (defined in Problem 2.F).
(Hint: check condition (ii). Use Problem 3.G.)

!Geometric interpretation: free over point p implies free over open neighborhood D(f) 3 p.
“This is an algebraic analogue of the following topological fact: given an open cover U1, . . ., Uy, of a topological space X and
functions f; : U; — Y such that fi|UmUj = fjlu,nu; for all ¢, j, there exists a function f : X — Y such that f|y, = f;.
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4 Integral Extensions

In this chapter, we study a integral dependence (being a root of monic polynomial), which is a funda-
mental notion that unifies different meanings in number theory and algebraic geometry.

« In number theory, this is used to define algebraic integer, an analogue of Z when the fraction
field Q is replaced with a finite extension.

« In algebraic geometry, this is related to (ramified) covering maps and resolving singularities of
codimension 1.

We will explore various applications, especially in algebraic geometry.

« First, we will prove Hilbert Nullstellensatz (Theorem 4.4.5), which classifies all maximal ideals of
Clx1, ..., %y, as promised in the first chapter.

« Second, in Section 4.5, we will explore how to define dimension of varieties and prove some
basic properties using tools we have so far (although we will give a more robust treatment of
dimension again in Chapter 9).

4.1 Integral Elements

El Definition 4.1.1 (Integral Elements).

Let A C B be ring. We say that an element b € B is integral over A if b is a root of monic
polynomial
b 4 a1 0" ag =0

where a; € A.

If A and B are fields, then the above definition is equivalent to that b is algebraic over A.

In the number-theoretic world, if K is a number field (finite extension of QQ), then the integral
elements in K form the ring of integers Ok, which is an analogue of integers. For example, if K =

Q(v/-3), we have Ox = Z [@}

We will now give a clean characterization of integrality. To do so, we give the following intermediate
definition.

] Definition 4.1.2.

Given b € B, define the subring generated by b by A[b] being the smallest subring of B con-
taining b.

Now, we state the theorem.
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- Theorem 4.1.3 (Characterization of Integral Elements).
The following are equivalent.

(a) bis integral over A.
(b) A[b] is finitely-generated A-module.

(c) There exists a ring C, which is a finitely-generated A-module, such that A C C' C B and
beC.

As an example, % €Q,butz E] is not finitely-generated as Z-module since % is not integral.

» Proof. (a) = (b). Let b is integral over a, meaning that for some ag,...,a,—1 € A, we have b" +
An_1b" "1 4 -+ + by = 0. This means that b € Span(b"~*,...,b,1). Now, notice that

b* € Span(b”~1,...,b,1) = b**1 € Span(b”,... b b) C Span(b" L, ...,b,1),

so by induction, b* € Span(b"~1,... b, 1), so A[b] is generated by b" 1, ... b, 1, done.
(b) = (c). Take C' = Ab).

(c) = (a). The multiplication by b (in C') can be represented as a matrix T' € Mat,,,(A). By Cayley-
Hamilton theorem, p; = 0, where pr is a characteristic polynomial of T'. Thus, we have pr(1) = 0, so
writing coeflicients out gives b™ + Gp1b" 1+ -+ a1b+ ag = 0, as desired. O

~ Corollary 4.1.4 (Integral elements form a subring).

Let A C B be rings. Then,
A" = {b € B integral over A}

is a subring of B

» Proof. It suffices to show that A’ is closed under addition and multiplication. Let r,s € A’, so by
condition (b) in Theorem 4.1.3, we get that A[r] and A[s] are finitely-generated. We have to show that
r + s and rs are integral over A.

To do this, we use condition (c) in Theorem 4.1.3. Since A[r] and A[s] are finitely-generated, we get
that A[r] ® 4 A[s] is finitely-generated. However, there is a surjective map A[r] ® 4 A[s] — Alr, 5], so
Alr, s is finitely-generated.

Since r + s and rs are both in A[r, s], condition (c) is satisfied, so both r + s and rs are integral over
A, and we are done. OJ

i Remark 4.1.5.

It is tempting to argue the following: A[r + s] C A[r, s], so A[r + s] is finitely-generated, so
condition (b) in Theorem 4.1.3 apply.
This is incorrect because submodule of finitely-generated modules is not necessarily finitely-

generated (but this would work if we assume that A is Noetherian though). This is why we have
to develop condition (c) in Theorem 4.1.3.

— 54 —



Chapter 4. Integral Extensions 55

64.2 Integral Extension and Closure
84.2.1  Definition

] Definition 4.2.1 (Integral extension).

Let A be a ring. We say that ring B D A is an integral extension if every element b € B is
integral over A.

Similarly (but less-frequently used), the map ¢ : A — B is integral if $(A) C B is an
integral extension.

~ Example 4.2.2.

- Z[/—3] is an integral extension of Z because \/—3 is integral in Z (it is a root of z* + 3).

« C[t] is an integral extension of C[t?] because t is a root of polynomial 2 — ¢2.

£l Definition 4.2.3 (Integral closure and integrally closed).

Let A C B. Then, the ring A of all integral elements in B is called the integral closure of A
inside B.

If A = A, then A is integrally closed inside B.

In the definition above, when A is a domain and B is omitted, we mean B = Frac A. In
other words, a domain A is integrally closed (or normal) if and only if A is integrally closed
inside Frac A.

Let’s do some example.

~ Example 4.2.4 (Z is integrally closed).
Z is integrally closed (over Q). To see why, pick © € Q integral over Z where, ie.,

()" ana ()" b () 4 oo =0

S

for ag,as,...,an—1 € Z. By dividing out common factor, assume ged(r, s) = 1. Multiplying
by s™ both sides gives
n

P = —a, 1" s - agrs™ T+ ags™

Then, s divides the right hand side, so s | 7", so s = %1, implying that g € 7.

The argument in the above example generalizes directly to the following.
~ Proposition 4.2.5.

UFD is integrally closed.

Thus, for example, Z[i] and Cx1, . . ., z,] is integrally closed.

Let’s see how integral closure can break in both number-theoretic and geometric world. First, let’s
do an NT example.

- 55 -



56 4.2. Integral Extension and Closure

~ Example 4.2.6 (Non-example in NT).

Z[+/—3] is not integrally closed since % is integral. Thus, by Proposition 4.2.5 Z[/—3] is
not a UFD.

More generally, for any number field K, any UFD subring of K must consists of only inte-
gral elements, and so it must be contained in the ring of integral element Of. We will show
later by Corollary 4.2.12 that O is integrally closed. This is one reason why O is of a special
interest in algebraic number theory.

Now, let’s see how integral closure breaks in geometric world.

~ Example 4.2.7 (Non-example in AG).
We let
Clz, y]
(y? — %)’
the coordinate ring of a cuspidal curve. Let u = £ € Frac A. We have u? = Z—z =
u is in the integral closure.

A:

B8
N oW
I
8
7]
o

Now, we consider the map

A — Cly]
x> u’
Y= ud

This map is well-defined and is injective, so A = C[u?, u?]. We then see that C[u] is an integral
closure.

Spec Clu] Spec (fz[”i’;;’l)

Geometrically, we have A — Clu], inducing a map Spec C[u] — Spec A. We have Spec C[u]
is a line, but Spec A is a non-smooth curve with a cusp at (0,0). Thus, essentially, integral
closure is a process of making a ring smoother.

This process holds for not just 3> = 3, but for any “one-dimensional” complex varieties (i.e.,
curves). The coordinate ring of a variety is integrally closed if and only if the curve is a smooth manifold.
If the curve is not smooth, then taking integral closure resolves singularity by straightening the curve.
What’s surprising is that this process is canonical, which is a special property of one-dimensional rings.

On the other hand, integral closure does not resolve singularities for higher-dimensional varieties.
For example, in Problem 4.E, you will be asked to show that C[z,y, 2]/(zy — 2?) is integrally closed,
despite that the surface 2y — 2% = 0 has a singularity at (0,0, 0). In higher dimension, it is much more
difficult to resolve singularities, and often there are choices involved. In Chapter 7, we will see how
being integrally closed is connected to smoothness.
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Surface zy — 22 = 0.

§4.2.2  Basic Properties

We now start to present properties of integral extension. Before that, we make a remark about finitely-
generated algebras.

El Definition 4.2.8 (Finitely-generated vs. finite).
Given a ring homomorphism ¢ : A — B. We say that

« B is a finitely-generated (or finite-type) A-algebra if and only if there is a surjection
from A[ty,...,t,] — B.

« Bisa finite A-algebra if and only if B is finitely-generated as A-module.

! Warning 4.2.9.

Don’t confuse between finitely-generated and finite. For example, polynomial ring A[x] is a
finitely-generated A-algebra but not a finite A-algebra.

~ Corollary 4.2.10.

Let B be an A-algebra. Suppose that B is finitely-generated as A-algebra and is integral over
A, then B is finitely-generated as an A-module.

» Proof. Follows directly from Theorem 4.1.3. O

» Tower of Integral Elements
~ Proposition 4.2.11 (Integrality is transitive).
Let A C B C C. Suppose B is integral over A and C is integral over B, then C is integral over

A.

» Proof. Lety € C. Then, for some by, ...,b,_1 € B, we have v + b, 17" "L 4+ -+« 4+ byy + by = 0.
Let B’ = Albo, . .., bn—_1], which is a finitely-generated A-algebra, so by Corollary 4.2.10, it is a finitely-
generated A-module. Since B’[7] is a finitely-generated B’-module, it is a finitely-generated A-module,
so by Theorem 4.1.3 ((c) implies (a)), 7y is integral over A. O
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~/ Corollary 4.2.12 (Integral closure is integrally-closed).

Let A C B be rings. If A is an integral closure of A inside B, then A is integrally closed already.

» Proof. If v € B is integral over A, then by the proposition above,  is integral over 4,50y € A. [

» Integral Closure vs. Quotient and Localization
~/ Proposition 4.2.13 (Integral extension is preserved under quotient and localization).
Let A C B be rings such that B is integral over A.

(a) If J is an ideal of B and I = J N A, then B//J is integral over A/I.
(b) If S C A be multiplicatively closed, then S~!B is integral over S~'A.

» Proof. (a) Any b € B satisfies the relation b + a,, 16" ! + --- + a1b + ap = 0 for some
a0, 01, - .,0n—1 € A. Now reduce this equation modulo J.

(b) Note that g = % - b, and we have % and % are both integral over S~!A. O
~ Proposition 4.2.14 (Localization preserves integral closure).

Let A C B be rings, and let C' be the integral closure of A in B (so A C C' C B). Then, S~1C
is the integral closure of S~ A in S™1B.

» Proof. By Proposition 4.2.13 (b), we see that every element in S~'C is integral over S™!B. Con-
versely, if g € S™1Bis integral in S~! A, then we have the equation in form

<b> _|_a"_1 <b> _A'_..._’_Cll(b)_i'_%:O’
S Sp—1 \ S S1 \'S S0

where ag,...,a,—1 € Aand sg,...,8,-1 € S. Lett = s¢--- Sp—1. Then, multiplying this equation
by (ts)™ gives

(O™ + 1 (D)™ + -+ ey (bt) + g =0
for some cg, ..., c,—1 € A. This shows that bt € C, so b/s = bt/st € ST1C. O

Finally, we note that being integrally closed is a stalk-local property.
~ Proposition 4.2.15 (Being integrally closed is stalk-local).
If A is a domain, then the following are equivalent.

(a) Ais integrally closed.
(b) A, is integrally closed for all prime ideal p.

(c) Ay, is integrally closed for all maximal ideal m.

» Proof. Proposition 4.2.14 gives that (a) implies (b), and clearly, (b) implies (c). Thus, it suffices to
prove that (c) implies (a).

Assume (c). Let B be the integral closure of A, and let ¢ : A — B be the inclusion map. Then,
by Proposition 4.2.14, By, is the integral closure of A, so the map ¢m : Am — Bn is surjective for

all maximal ideals m. Since being surjective is local (Corollary 3.3.2), we get that ¢ is surjective, so
A=B. O
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» The Minimal Polynomial Test Verifying that « is not integral over A would be difficult since we
need to examine all possible monic polynomials vanishing at .. Fortunately, with favorable condition,
we only need to examine the minimal polynomial.

- Lemma 4.2.16 (Minimal Polynomial Test).

Let A be an integrally-closed domain. Let K = Frac(A), and let L be a field extension of K.
Let o € L, and let f(z) € K|[z] be the monic minimal polynomial of a over K.

Then, « is integral over A if and only if f(z) € Alx].

» Proof. If f(x) € A[z], then « is clearly integral over A by definition.

In another direction, let g(z) € A[z] be a monic polynomial such that g(a) = 0. Let a =
a1, Q0, ..., 0, be roots of fin K. Thus, since f divides ¢ in K[z], o; must also be a root of g, and
hence integral over A. Therefore, each coefficient of polynomial

fl@)=(@—a)--(z - an)

is a sum of products of «;, and hence integral over A. However, A is integrally closed, so all coefficients
arein A, or f € Alx]. O

~ Example 4.2.17.

Using the above Lemma 4.2.16 with A = Z and K = Q, we can see that 1+2‘/§ is not integral
over Z[+/3] because the minimal polynomial 22 — z — % does not have integer coefficients.

64.3 Cohen-Seidenberg Theory

Cohen-Seidenberg theory is a series of theorems that control prime ideals in an integral extensions,
making them useful in algebraic geometry. In this section, we describe and prove those.
§4.3.1 Going-up Theorem
» Lying Over First, let us define a new terminology.
[£] Definition 4.3.1 (Lies over).

Consider an integral extension A C B. A prime ideal ¢ C B lies over a prime ideal p C A if
and only if p = q N A.

Another interpretation: the inclusion map ¢ : A — B induces the map on spectrum
®™ : Spec B — Spec A taking q to q N A. Thus, q lies over p if $7 q = p.

~ Example 4.3.2 (Gaussian integers).
If A =7 and B = Z][i], then

« (3) C Z[i] is the only prime lying over (3) C Z.

« (24 1) and (2 — 7) are two primes lying over (5) C Z.

The map Spec Z[i] — Spec Z looks like a double cover, as in the following diagram
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i) (3+2)

~ Example 4.3.3.
Suppose that A = C[t?] and B = C[t]. Then, the map Spec C[t] — Spec C[t?] takes prime
ideal (t — a) to prime ideal (2> — @?). This map correspond to the morphism on affine line

C — C that sends a to a®.
Visually, the map Spec C[t] — Spec C[t?] looks like a double cover map, ramified at 0, as

in the following diagram.

@ @ @y oy @y e

Informally, if B is an integral extension of A, then the map Spec B — Spec A looks like a ramified

covering map. The algebraic results that explain this are the following theorems.

» Key Results We will now state three imporant theorems.

- Theorem 4.3.4 (Lying Over).

Let A C B be an integral extension. For any prime p C A, there exists a prime ideal ¢ C B
lying over p.

g C B
p c A
(In other words, the map Spec B — Spec A is surjective.)

~ Theorem 4.3.5 (Incomparability).

Let A C B be an integral extension, p C A be a prime ideal. If ¢ C q’ be two prime ideals lying

over p, then q = ¢'.
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- Theorem 4.3.6 (Going-up).

Let A C B such that B is an integral extension of A. Given two prime ideals p C p’ C A, and
another prime ideal ¢ C B such that ¢ A = p. Then, there is another prime ideal q’ such that
qCq CcBandqg NA=y.

/ Exercise 4.3.7 (Morphism version of the above theorems). Let ¢ : A — B be an integral
morphism. Using the above theorems, prove the following.

(a) Forany primeidealp C A, prove that there exists a prime ideal ¢ C B such that ¢ ~1q = p.

(b) Given two primes ideal p C p’ C A and another prime ideal ¢ C B such that ¢~ 'q = p,
prove that there exists a prime ideal q’ such that q C ¢’ C Band ¢~ 'q’' = p’.

/ Exercise 4.3.8. Deduce from going-up theorem that if ¢ : A — B is integral map, then
®* : Spec B — Spec A is a closed map (i.e., image of closed sets is closed).

» Proof The rest of this subsection is devoted to proving these theorems. We start with a very special
case when B is a field.

~ Lemma 4.3.9 (The field case).
Let A C B such that A and B are domains and B is an integral extension of A. Then, A is a
field if and only if B is a field.
» Proof. (=) Letb € B. There exists cg, ..., c,—1 € A such that
bn =+ Cnflbn_l + e —|- Clb+ Co = 0

We may assume ¢y # 0 because otherwise, one can divide out by b (this requires the fact that B is a
domain). Since A is a field, there exists d € A such that dcy = 1. Then, we have

b- _d(bnil + Cn—lbn72 + -+ b+ Cl) =1,

giving the inverse of b.

(<) Let a € A. Since B is a field, we have a~—! € B. Thus, for some cy, . .., c,—1 € A, we have
(a_l)n + Cnf1(a_1)”_1 +tcaat4+e=0
Multiplying by a™ both sides gives

14 cp_1a+ -+ c1a™ 4+ cpa™ =0
1—a- (fluff) =0,

and this fluff will be the inverse of a. O

Believe it or not, by solving a very specific case, we actually have half of the work done. The strategy
is to use quotient and localization to reduce the theorem down to the above lemma.
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~/ Corollary 4.3.10 (The maximal ideal case).

Let A C B be integral, p C A be a prime ideal, and q lies over p. Then, q is maximal if and only
if p is maximal.

» Proof. Since integral closure is preserved under quotient (Proposition 4.2.13 (a)), B/q is an integral
extension of A/p. Thus, by the field case (Lemma 4.3.9), B/q is a field if and only if A/p is a field. This
implies the result. O

Now, we can prove the main theorems.

» Proof of Lying Over Theorem 4.3.4. We use localization. As above, let S = A\pand B, = S~'B and
B, is integral over A, by Proposition 4.2.13 (b). Then, let m be maximal ideal in 5;,. By the maximal
ideal case Corollary 4.3.10, m N A, must be (the only) maximal ideal in A,, which is be pA,. Thus,
mN A, = pA,, so taking intersection to A both sides gives m N A = p. Hence, m N B is our desired
ideal g. O

» Proof of Incomparability Theorem 4.3.5. We use localization. Let S = A\ p and let B, = S™'B.
Then, by Proposition 4.2.13 (b), we get an integral extension A, C B,,. Now, if ¢ C ¢’, then we extend
to B, to get qB, C q'B,.

Now, the magic happens, since pA, is a maximal ideal in A,, we get by the maximal ideal case
(Corollary 4.3.10) that q By, is a maximal ideal in By, This forces qB, = q' By, or q = ¢’, done. O

» Proof of Going Up Theorem 4.3.6. We use quotient again. Since q lies over p, we have by Proposi-
tion 4.2.13 (a) that A/p C B/q is integral. Thus, by lying over Theorem 4.3.4, pick prime ideal ¢’ C B/q
lying over p’ C A/p. By correspondence theorem, we have p C p’ and q C q’. Moreover, the lying
over condition q' N A = p/ directly translates to ¢’ N A = p’, so we are done. O

64.3.2 Going-down Theorem

We will now state a similar result. However, it will require additional assumption that
+ Bis a domain.
. A is integrally closed.

i} Remark 4.3.11.

Neither of these hypothesis can be dropped. Problem 4.G will ask you to translate the images
to the counterexamples.

- Theorem 4.3.12 (Going-down).

Let A C B be domains such that A integrally closed and B is integral over A. Given that
p C p’ C Abe prime ideals and q’ lies over p’, then there exists a prime ideal q C ¢’ lying over

p.
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i} Remark 4.3.13.

There is another variant of Going-down theorem for flat modules, which will be stated and
proved in Theorem 10.3.1.

To prove this theorem, we begin with a small lemma that allows us to find ideals.
~ Lemma 4.3.14 (Lying Over Criterion).

Let R C R’ be a ring extension (not necessarily integral!). For any prime ideal p C R the
following are equivalent:

(a) There exists a prime ideal p’ C R’ such that p’ " R = p.
(b) pR' N R = p.

» Proof. We first prove that (a) implies (b). To do this, we note that pR’ C p’, so
p CpR'NR Cp'NR = p,

so all equalities occur, implying that pR' N R = p.

Next, we prove that (b) implies (a). The strategy is that we want prime ideal that does not meet
R\ p, so we invert that set. Localize R’ with multiplicative set S = R \ p to get R,. Then, pR' N S =
(pPR' N R) \ p = 0 (by assumption (b)). Thus, pRR, is a proper ideal of Rj, and hence contained in a
maximal ideal m C R;. By Theorem 3.1.10, m must be in form p’ R; for some prime ideal p’ C R’ such
that p’ N (R \ p) # 0. Since pR), C m, it follows that p C p’. Combining previous two sentences gives
pPNR=p. O

» Proof of Going Down Theorem 4.3.12. First, we claim that it suffices to show
pBy NA=p.

Indeed, assume that this is true, then by Lemma 4.3.14 we there is a prime ideal of By lying above pA,,
which must be of the form qB, for some prime ideal q C q’ by Theorem 3.1.10. Since qB, contracts
top C A, it follows that g C B contracts to p C A.

Now, we prove that p5,; N A = p. One containment p C pBy N A is automatic. Thus, suppose
a=pBy NAbuta ¢ p. Then,a =2, whereb € pBand s ¢ q'. The proof proceeds in four steps.

1. There exists polynomial F(X) = X" + Cro1 X1 4+ ... 4+ ;X 4 ¢g such that
Coy..+yCn—1 € pand F(b) = 0. The fact that b € pB means that b can be written as a
linear combination b = ZZL xip;, where x; € B and p; € p.

Set A" = A{x1,...,2m) C B to be afinitely-generated submodule of B. We have bA’ C pA’, so
by Cayley-Hamilton theorem Corollary 2.2.2, there exists polynomial

FX)=X"4c, 1 X" "+ ve X +co, c€Ep
such that F'(b) = 0.

2. The minimal polynomial G(X) = X™ + d,, .1 X™ ! +-++ + d1 X + dg of b satisfies
do,...,dm—1 € p. Let G be such minimal polynomial, so by the minimal polynomial test
(Lemma 4.2.16), we get that G(X) € Alz]. Since G(X) divides F'(X) in K[X] and both poly-
noimals are monic, we get that the quotient must be in Az], so F(X) = G(X)H (X) for some
H(X) e AX].

Now, we reduce modulo p. We get X" = G(X)H (X) in A/p[z]. Thus, G(X) = X™, so all other
coefficients in G vanish modulo p.

- 63 -



64 4.4. Noether Normalization and Nullstellensatz

3. d;/a™ "% € Aforalli = 0,1,...,n — 1. The minimal polynomial F' of b can be translated
to minimal polynomial of s = g by

D\"  d,_, (D" d
() 4 n () 4ot 72 = 0. (4.1)
a a a a

Thus, by the minimal polynomal test (Lemma 4.2.16), we get that all coefficients of this polynomial
must be in 4, or d;/a"~* € Aforalli =0,1,...,n — 1.

4. Conclusion. Let ¢; = d;/a™~*. We have d; € p from Step 2. However, a ¢ p, so we have e; € p.

Finally, we note that p C ¢/, so e; € ¢ for all 7. Thus, e;st € q’ for all i. However, from (4.1), we
have s + e, 15" 1+ +e15+ ey = 0. All terms except s™ are in ¢’, so s € q’,and so s € ¢/,
a contradiction. O

84.4 Noether Normalization and Nullstellensatz

In this section, we discuss Noether Normalization Lemma, an important source of integral extension
that can be obtained from any ring in form k[z1, ..., z,]/p, where p is a prime ideal. We will then use
it to prove Hilbert’s Nullstellensatz.

84.4.1 Noether Normalization

~ Theorem 4.4.1 (Noether Normalization Lemma).

Let k be afield, and let B be a finitely-generated k-algebra. In other words, B = k[y1, ..., yn]/I
for some ideal I. Then, there exists z1, ..., z,, € B such that

+ The subring A C B generated by z1,..., %, is isomorphic to the polynomial ring
kElx1,...,Tm] (e, x1,..., Ty, are algebraically independent).

+ B is an integral extension of A.

In particular, the theorem states that “any finitely-generated k-algebra is an integral extension of
polynomial ring k[T, . . ., T,,]” Geometrically, this means that any variety is a finite cover of the affine
space k™.

Before proving this theorem, we provide some example of why this theorem is intuitive, but not
completely obvious.

~ Example 4.4.2.

Consider
klz,y]

(1)
Let’s randomly take A = k[xz], but this doesn’t work since one can check that B is integral

over A. Geometrically, one can see that a portion of the hyperbola zy = 1 got squeezed to near
2 = 0, making the map not look like covering map.

Thus, to fix this, we want to perturb A a little bit. In this case, we see that A = k[z + §y] for
any 0 # 0 € k works. To see why, if z = 2+ dy, then we have the relation (z —dy)y = 0, which
gives a monic polynomial that y is a root. Similarly, (z — )z = 0, giving a monic polynomial
that x is a root. Geometrically, the projection map now looks like a 2-to-1 covering map.
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Spec A Spec A
Spec B
Spec B
bad good
To make the proof work in general, the idea is that if the map Spec B — Spec A does not look
like a covering map, we perturb the variables in A a little bit so that it is.

The following proof of this theorem is due to Nagata.

» Proof. We use induction on n. The base case n = 0 is obvious. Thus, assume that the statement is
true for n — 1. If I = (0), then we are immediately done.

The strategy is that we will find 21,...,2,-1 € B such that ¥, ...,y, are all integral over ring
klz1,. .., Zn—1]/J, which is the subring of B generated by z1, ..., z,,—1 with relations being ideal J. If
we managed to do that, then we would have a chain of ring extension

integral k[zl’ RN Zn—l] intngral k'[yh cee 7yn]

A=klxq,... - B
[Ila ) xm] J Fi )
where the first inclusion is integral extension by applying induction hypothesis on k[z1, ..., Zm—1]/J.
Thus, by Proposition 4.2.11, we get B is an integral extension of A as desired.
We now establish such zi,...,2,_1. Select any nonzero f € I. We pick z; = y; — y, where

1> 19 > -+ 3> 1y > 0 (large enough so that r; > (deg f)ri—1).

fzr+ynt, 2o+ un2, s zna1 +yn Y yn) = 0.

Imagine expanding this relation. All the y,,’s will be distinct, and so the largest one will be y~
for some N (and other terms, which include some factors of z;, have smaller exponent of y,,). Thus,
there exists A € k such that Af(z1 +y)' ..., 2n—1 + yn" "', Yn) is monic in y,,. Thus, we establish an
integral dependence of y,, in the ring k[z1, ..., 2,-1]/q, implying that y,, is integral. Consequently,
yi = z; + Yy, is integral, so we are done. O

i} Remark 4.4.3.

If k is infinite, then picking z; = y; — a;y,, for some a1, ...,a,—1 € k also works. This is more
intuitive because we are doing linear perturbation. However, in order to make the proof works
for £ finite, one needs to consider higher-degree perturbation as well.

84.4.2 Nulistellensatz

We use Noether normalization to prove Hilbert Nullstellensatz, a theorem that we stated very early in
Chapter 1. We first do the weak version.
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~ Theorem 4.4.4 (Weak Nullstellensatz).

Let k be a field and K be a field extension such that K is finitely-generated as a k-algebra.
Then, [K : k] is a finite extension.

» Proof. By Noether normalization, there exists m such that

integral
k‘[Zl, ey Zm]

=A

such that K is an integral extension of A. However, since K is a field, we get by Lemma 4.3.9 that A is
afield, so m = 0 and A = k. Thus, K is finitely-generated as k-modules. O

~ Theorem 4.4.5 (Hilbert’s Nullstellensatz).

Let k be an algebraically-closed field and let A = k[X;,...,X,]. f m C A is maximal, then
there exists a1, ...,a, € k suchthatm = (X1 —aq,..., X, — an).

» Proof. We have the map from k — A/m by quotient projection. By Theorem 4.4.4, A/m is a finite
field extension of k. Since k is algebraically closed, we actually get that A/m = k. Thus, setting a; € k
be the image of z; in the isomorphism A/m — k, we get that x; — a; maps to zero, so z; — a; € m.
Collating this for all 4, we get that (x; — a1,..., 2, — a,) C m, but this ideal is maximal already, so
the equality is forced. O

C] Definition 4.4.6.
Given an ideal J C k[X1, ..., X,,], we define the vanishing locus
Vin(J)={a@ € k™: f(@)=0forall f € J},

which is a closed set (under both Zariski topology and classical topology) of k™.
Conversely, given a subset Z C k™, define the ideal

I(Z)={f:f(@ =0foralla € Z}.

Then, we have the following.

~ Proposition 4.4.7.

If k is algebraically closed, then the maximal ideals of k[ X7, . . ., X,;]/I corresponds in bijection

to Vi (1).
» Proof. By correspondence theorem, maximalideals of k[ X7, ..., X,,]/I correspond to maximal ideals
of k[ X1, ..., X,] containing I, which then correspond to points in k™ that vanish at every polynomials
in I. O

In particular, by taking maximal ideals, we can recover the set of points from ring of function.

Now we investigate the other direction: given set of points V,,,(I), can we recover the corresponding
ideal I? In other words, we ask of the correspondence

{ideals of k[z1,...,2zn]} <> {closed set of K"}
J = Vin(J)
1(Z) < 2.

is a bijection or not. The answer is not quite, because ideals (z?) and (z) have the same vanishing locus.
The fix is that we have to take radical, and this is strong nullstellensatz.
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-/ Theorem 4.4.8 (Strong Hilbert’s Nullstellensatz).
Let k be an algebraically-closed field and A = k[X7, ..., X,,]. Given an ideal J C A, we have
I(Vin (1)) = V.

To spell out in words, if f(@) = 0 for all @ € V,,,(.J), then f™ € J for some n.

» Proof. The following proof is known as Rabinowitsch’s trick. Let J and f as in the statement.
We are going to add a variable Y and consider an ideal
J =L Yf-1) C k[Xy,...,X,,Y].

If J/ # k[X1,..., Xy, Y], then by Krull’s theorem Theorem 1.3.6, J' is contained in a maximal ideal of
k[X:...,X,,Y], which (by Theorem 4.4.5) must be of the form (X; — a1, ..., X,, — a,,b) for some
ai,...,an,b € k. The fact that m contains J gives (a1,...,a,) € Vin(J), so f(a1,...,a,) = 0.
Moreover, the fact that m contais Y f — 1 gives f(@)b — 1 = 0, which is a contradiction.

Thus, J = k[X1, ..., X,,Y]. Therefore, there exists g; € k[X1,...,X,, Y] and h; € J such that
1=go(fY = 1)+ ) gihi.
i=1

We will now plugin Y = %, working in the localization k[X7, ..., X,][1/f] to be rigorous. The term
outside the summation goes away, and we obtain that

g 1
1 = Zgz (Xl,...,X»,“f) hZ(X1,7Xn)
i=1

Finally, we clear the denominator to get
T
N=GH(X, L X)hi(Xa, ., X)) €,
i=1

where G;(X1,...,X,,) = fNg:i(X1,...,X,,1/f) and N > deg g, for all i, so G; is actually a poly-
nomial. Hence, f € v/ J, and we are done. O

i} Remark 4.4.9.

What if k is not algebraically-closed?

If one follows the proof above, one gets that A/m is a finite extension of k, and it is pos-
sible to continue and classify all maximal ideals of k[z1, ..., x,]. The result is that there is a
correspondence between

{(a1,...,an) eE”}_

{maximal ideals of k[z1,...,z,]} +— — -
Gal(k/k)-action

In other words, closed points of k[z1, . . . ,2,] corresponds to Galois orbits of k. Problem 4.1
will explore this in more detail.

If you take algebraic geometry, you will see that a lot of definitions (e.g., morphisms, and
when they are the same) on varieties over k are usually defined by the behavior over k. In
the world of affine schemes (i.e., Spec R), this is completely natural because we naturally have
k-points in Spec k[x1, . .., 7).

64.5 First Steps in Dimension Theory

We now use tools developed in this chapter to study dimension of a variety. Let us first define dimension.
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4.5. First Steps in Dimension Theory

£ Definition 4.5.1 (Krull dimension).

Given any ring A, the Krull dimension (or just dimension) of A, denoted dim A, is the
maximum value of n for which there exists a chain of prime ideals

pO,C«-plg"'-,C«-pn C A

or length n.

This definition is not too horrible to make because of the following two reasons.

« For any vector space V, the dimension of V' can be defined as the maximal value of n for which
there exists a chain of subspaces

VoweWic---CV, CV

of length n. In particular, V; is an ¢-dimensional subspace. This resembles the chain definition
given above, except that subspaces are replaced by prime ideals.

« The chain of prime ideal correspond to a descending chain of (closed) subvarieties

Spec A/po 2 Spec A/p1 2 --- 2 Spec A/p,,.

=

Intuitively, Spec A/p,, would correspond to a point, Spec A/p,,_1 would correspond to a curve,
Spec A/p,_o2 would correspond to a surface, and so on. We make p; prime so that one cannot
write {a line} C {union of two lines} as an inclusion of a chain, forcing us to increase a dimen-
sion.

~ Example 4.5.2.

« For any field k, we have dim k& = 0.

« We claim that dimZ = 1 because the prime ideals of Z are (0), which is contained in

(2), (3), (5), ...

« More generally, if R is a PID that is not a field, we claim that dim R = 1. The ideal (0) is
contained in (a) for any non-unit ¢ # 0. Meanwhile, if (a) is prime where a # 0, then a
is irreducible, so (a) is maximal, so any nonzero prime ideal is maximal.

In particular, dim k[x] = 1 for any field k.

« If k is a field, then we can easily show that dim k[z1, ..., 2,] > n by exhibiting a chain
of prime ideals
(0) - (xl) - (xhx?) -G (xh s 7‘Tn)'
On the other hand, showing that dim k[z1, ..., 2,] < n is considerably more difficult

because one needs to consider any chain of prime ideals. We will do this in the course of
proving Theorem 4.5.4.

Going-up theorem (Theorem 4.3.6) controls dimension.

- Theorem 4.5.3 (Integral extension has equal dimension).

Let A be a ring and let B be an integral extension of A (so A C B). Then, dim A = dim B.

» Proof. First, we show dim A > dim B. Given any prime ideal chain qo € q1 € --- C g, of B, one

let p; = q; NS, forming a chain of prime ideal py C p; C --- C p,, of A. The equality cannot occur

because if p; = p; 41, then q; C g;41 both lie over p;, violating incomparability Theorem 4.3.5.

Next, we show dim B > dim A. Given any prime ideal chain py C p; C -+ C p,, of A, let qg be a

prime lying over pq (exists by Theorem 4.3.4), and then by Going Up Theorem (Theorem 4.3.6), construct

the chain qp € q1 € - - € g5, such that p; = q; N R. Clearly, q; # q;+1-
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Hence, we conclude that dim A = dim B. O

Now, we use Noether normalization lemma (Theorem 4.4.1) to give a neat characterization of di-
mension of a variety.

We first recall that given a field extension K/k, the transcendence degree tr deg K /k is the size
of maximal set S C K whose elements are k-algebraically independent. For example,

trdegk(zy,...,xn)/k=n
because x1, ..., z, are algebraically independent in k(x1,...,x,).

~ Theorem 4.5.4 (Dimension equals transcendence degree).

If k is a field, B is a finitely-generated k-algebra that is a domain (i.e., B = k[z1,...,z,]/p for
some prime ideal p), and K = Frac B, then

dim B = trdeg K /k.

» Proof. We use induction on the transcendence degree trdeg K/k = n. Assume that the result is
known for transcendence degree less than n.

By Noether normalization lemma (Theorem 4.4.1), there exists A = k[y1, ..., ym] such that B is
an integral extension of A, which means dim A = dim B by Theorem 4.5.3. Furthermore, Frac B is a

finite extension of Frac A, so m = trdeg(Frac(A)/k) = trdeg(Frac(B)/k) = n.

Thus, it suffices to show that dim k[y1, . .., yn] = n. We have shown in Example 4.5.2 above that
the dimension is at least n. To show that it is at most n, suppose for contradiction that there is a chain
of length n + 1:

PoGP1 & & Pntrs
Replace pg with (0). Choose an element g € p1, let f be an irreducible factor of g lying in p;, and

replace p; with (f). (Here, we use the fact that K[z, ..., x,] is a UFD to see that (f) is prime.) Thus,
the above chain simplifies to

0) S (f) Sp2S -+ C Pty
which induces the chain of prime ideal of length n on ring C = k[z1, ..., z,]/(f)-

However, note that Frac C' = k(z1,. .., zy)/(f), which has transcendence degree n — 1. Therefore,
by induction hypothesis, dim C' = n — 1, contradicting the above paragraph. O

~ Example 4.5.5.

If f is any irreducible polynomial in k[z1, . .., 2], then dim k[xy, ..., 2,]/(f) =n — 1.

This covers dimension theory in the case of finitely-generated algebra over k. However, we still
don’t know how to prove, for example, that dim Z[z1, . .., z,] = n+ 1. We will develop a more robust
dimension theory in Chapter 9 that will allow us to prove that.

4.6 Problems

Problem 4.A. Decide whether each of the following ring is an integral extension of C[z].

(@) Clz,y]/(2* - y?).
(b) Clz,y]/(xy).
© Clz,yl/(zy — 1).

Do your geometric intuition and algebraic proof match?
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Problem 4.B. If B is an integral extension of A and q C B is a prime ideal lying above p C A, is it
necessarily true that By is integral over A,? Compare with Proposition 4.2.13 (b).

Problem 4.C. Let d be a squarefree integer. Prove that the integral closure of Z in Q(\/d) is

Z[Vd] ifd=2,3 (mod 4)
Z {H—ﬁ} ifd=1 (mod 4).

Problem 4.D. Prove that the intergral closure of C|x, y]/(y?> — 2® — 2?) is isomorphic to C[t], where
t = £. Can you draw picture similar to Example 4.2.7?

Problem 4.E. Prove that C[z,y, 2]/(2% — y2) is integrally closed.!

(Hint: minimal polynomial test, Lemma 4.2.16.)

Problem 4.F. Let K be a finite, Galois extension of Q. Let O be the ring of integer of K. Let p
be a rational prime, and p and q are two prime ideals of Ok lying above (p). Prove that there exists

o € Gal(K/Q) such that op = g.

(Hint: use prime avoidance, Problem 1.E.)

Problem 4.G. Using the images shown below, come up with counterexamples to show that the Going-
down theorem is not true if we remove the hypothesis that

(a) B isa domain.

Ka)

(b) A is integrally closed.

Problem 4.H. Find a Noether normalization and the dimension of the ring

_ Clz,y, 2]
(22 —y3 — 1,oyz — 1)
Problem 4.1. Let n be a maximal ideal of R = R[z1, ..., zy].
(2) Prove that there exists a = (ay,...,a,) € C" such thatif m, = (1 — ay,...,2, — an) C

Clz1,...,2n), thenm, N R = n.

Note that the surface 22 — yz = 0 has a singularity at (0, 0, 0).
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(b) Leta,b € C™. Prove that m, N R = m; N R if and only if a = b or a = b (where b is the complex
conjugate of b.)

Thus, we establish a bijection between maximal ideals of R[z1,. .., x,] and tuples in C" modulo con-
jugation. You can generalize this result by replacing R and C to k and k, respectively.

Problem 4.J. Let k be a field and A and B are finitely-generated k-algebra.

(a) Assume that k is algebraically closed. Prove that there exists a bijection between
{maximal ideals of A ®; B} +— {maximal ideals of A} X {maximal ideals of B}.

Geometric interpretation: A ®y, B is the ring corresponding to product of varieties.
(b) Prove that dim(A ®; B) = dim A + dim B, where dim in both sides are dimension as rings.

Problem 4.K. Let k be a field, and let A be a finitely-generated k-algebra that is a domain.

(a) Let B be an integral extension of A that is a domain. Suppose that p; C p2 C p3 C A is a chain
of prime ideals in A. Let q1 C q3 C B be prime ideals above p; and p3, respectively. Prove that
there exists a prime ideal g2 such that q; C g2 C g3. Note that g2 need not lie over po.

Hint: Without loss of generality, assume p; = (0) and q; = (0). Why can we do this?

(b) Prove that all maximal chains of prime ideals in A have length exactly dim A. (Here, maximal
is in the sense that one cannot insert another prime ideal at the boundary or between any two
consecutive ideals in the chain.)

(c) Prove that for all prime ideals p C q of A, the length of all maximal chains of prime ideals starting
at p and ending at q are the same. (Rings with this property are called catenary.)
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5 Chain Conditions

In this chapter, we are going to talk about chain conditions, which are conditions on rings / modules that
makes various objects finite. There are two similar conditions, Noetherian, which is about ascending
chain, and Artinian, which is about descending chain. We first discuss these two conditions for modules
in Section 5.1. Later, we will specialize to Noetherian rings (Section 5.2) and Artinian rings (Section 5.3).
It will turns out that while Noetherian rings is a fundamental finiteness condition that makes rings
reasonable, Artinian rings much more specialize and looks like “points” (i.e., has dimension 0).

§5.1 Noetherian and Artinian Modules

§5.1.1 Definitions and Basic Examples

There are two main types of chain condition that we will discuss.
£ Definition 5.1.1 (Noetherian and Artininan modules).
Let R be a ring, and M be an R-module.

« M is a Noetherian module if it satisfies the ascending chain condition (ACC): there
does not exist a chain of submodules

MlgMggM3g"'CM.
(i.e., any ascending chain stops).

« M is a Artinian module if it satisfies the descending chain condition (DCC): there
does not exist a chain of submodules

MDMlgMQQMSQ...

We say that R is a Noetherian ring (resp. Artinian ring) if R is Noetherian (resp. Artinian)
as an R-module.

Now, let’s do a basic example.

~ Example 5.1.2.
We have the following examples.

« Finite abelian groups (as a Z-module) are both Noetherian and Artinian because they are
finite.

« R =7Z/(n) is both Noetherian and Artinian for the same reason.

« PID’s are Noetherian rings: if there is a chain (a;) € (ag) € ..., then (a;) U (a2) U...
is an ideal generated by element (a). Then, a € (a;) for some i, forcing (a;) = (ai+1) =
- = (a), so the chain is eventually constant.
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74 5.1. Noetherian and Artinian Modules

Consequently, Z and C[x] are Noetherian.
« Zis not Artinianring: Z D (2) D (4) D (8) D ....

« R=Zand M = Z[1/p]/Z is Artinian but not Noetherian. Any submodule of M is in
form M,, = #Z/Z, so0 = My C My C My C .... Therefore, this module is not
Noetherian. It is Artinian because any descending chain must start somewhere, hence
finite.

« Clx1, 9, ...] is neither Noetherian nor Artinian ring.

We will see later that Noetherian rings is a more fundamental concept of commutative algebra: al-
most all examples you would care about is Noetherian. On the other hand, Artinian ring is an extremely
special kind of rings that we will describe later.

85.1.2  Properties of Noetherian and Artinian Modules

~ Proposition 5.1.3.

An R-module M is Noetherian if and only if every submodule is finitely-generated.

» Proof. (=) If N C M is not finitely generated, pick 1 € N, 2 ¢ Span(z1), x5 ¢ Span(x1,z2),
.... Then, one has
Rzxy C Rxy + Rxo C Rxy + Rxo+ Res C ...

a contradiction.

(<) Suppose that we have a chain
My C My C My C ...,

then N = Ufil M; is finitely-generated. Pick generators 21, ...,z, € N. Clearly x; has to be in some
M;’s, so one can pick n such that x4y, ..., 2z, € M,,so N = M,, and the chain terminates. O]

Now, we start giving how to generate Noetherian modules.
~ Proposition 5.1.4 (Exact Sequence Property).
Consider an exact sequence of R-modules

0 — My -5 My 5 My —s 0.
Then,

(a) Ms Noetherian if and only if M; and M3 are Noetherian.

(b) My Artinian if and only if M7 and M3 are Artinian.

» Proof. (a) (=) An infinite chain of submodules of M}
PICPGCCM
turns to an infinite chain of submodules in Ms:
o(P1) S d(P2) & & Mo
(they are distinct since ¢ is injective). Thus, if M; is not Noetherian, then M is not Noetherian.
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Similarly, an infinite chain of submodules of M3
Q1 G Q& C Mg
turns to an infinite chain of submodules in Ms:

Q) G (@) G- & Mo
(they are distinct since 7 is injective). Thus, if M3 is not Noetherian, then M is not Noetherian.
Hence, we are done.

(<) Given N1 C Ny C N3 C ... is a chain in M. Then, if 7 : My — M3 again, then we have
two chains

¢ H(N1) C ¢7H(Na) C ¢ H(N3) C ...
’/T(Nl) C ’/T(NQ) C ’/T(Ng) cC....

Since M; and M3 are Noetherian, both chains stabilizes, so for some sufficiently large k, we have
¢~ 1(N) = ¢~ (Njy1) and 7(Ng) = 7(Ny1). We claim that this implies N = Nj 1.

To see this, suppose & € N1, then w(z) € 7(Nk11) = 7(Ng), so for some y € Nj, we have
m(x — y) = 0, which means  — y € Im ¢. Thus, there exists z € M; such that x = y + ¢(2).
Now, ¢(2) € Ngi1, 50 2z € ¢~ 1(Ng1), which implies 2 € ¢~(Ny), so ¢(z) € Ni. Hence,
x=y+ ¢(z) € Ny.

(b) is similar to (a). O
~ Corollary 5.1.5.

If My, ..., M, are all Noetherian (resp. Artinian), then M; & --- & M, is Noetherian (resp.
Artinian).

If R is Noetherian ring, checking if a module is Noetherian is even more convenient.
~ Proposition 5.1.6 (Noetherian iff finitely-generated).

If R is Noetherian ring, then M is Noetherian if and only if M is finitely-generated as an R-
module.

» Proof. (=) is clear from Proposition 5.1.3. For (=), consider an exact sequence R®" — M — 0.
We know that R®" is Noetherian, so M is Noetherian by the exact sequence property Proposition 5.1.4
(a). O

/ Exercise 5.1.7. Let R be a Noetherian ring.

(a) Prove that any submodule of finitely-generated R-module is also finitely-generated.

(b) Prove that any finitely-generated module is finitely-presented.

/ Exercise 5.1.8. If R is an Artinian ring, prove that M is Artinian module if and only if M
is finitely-generated as an R-module.

§5.2 Noetherian Rings

§5.2.1  Properties of Noetherian Rings

We now restrict our attention to Noetherian rings. First, from Proposition 5.1.3, we have
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~ Corollary 5.2.1.

R is Noetherian if and only if every ideal of [ is finitely-generated.

Now, we begin stating properties.
~ Proposition 5.2.2 (Quotient, localization, product of Noetherian ring is Noetherian).
Let R be a Noetherian ring.

(@) R/I is Noetherian for all ideal I;
(b) S~!R is Noetherian for any multiplicative set S;

(¢) R x S is Noetherian for any Noetherian rings R and S.

» Proof. (a) Letw : R — R/I be the quotient map. By correspondence theorem Theorem 1.1.8, all
ideals of R/I must be in form 7(J) for some ideal J C R. If J = (x1,...,2,), then 7(J) =
(w(z1),...,m(xy)) is finitely-generated.

(b) By Proposition 3.1.9, any ideal J C S~!R is an extension of some ideal I C R. If [ =
(1,...,2p), then J = ("‘—11,,%‘)

(c) Letm; : Rx.S — Rand my : R xS — S be the projection maps. Given an ideal J C R x S, let
Jr =m(J)and Jg = ma(J).

We claim that J = Jg x Jg. To do so, given (a,b) € Jr x Js. We have (a,c) € J for some ¢
and (d,b) € J for some d, then

(a,b) = (a,¢) - (1,0) + (d,b) - (0,1) € J.

Thus, J is finitely-generated. O

~ Theorem 5.2.3 (Hilbert’s Basis Theorem).

If R is Noetherian, then so is R[x] (and hence R[x1, ..., zy]).
This allows us to deduce, for example, that C[z1, ..., z,] and Z[x1, ..., x,] are Noetherian. This is
a nontrivial result, since ideals C[z1, ..., z,] can be quite arbitrary, but it is still finitely-generated. It

is also interesting to find an algorithm finding these finitely-many generators. However, typical proofs
(e.g., the one below) is not algorithmic in nature. The set of generators you get is exponential.

» Proof. Let I C R[z] be an ideal. We want to show that I is finitely-generated. We want to use the
fact that R is Noetherian. The key idea is to look at the leading coefficients. Define an ideal

Jn = {a € R : there exists f € I with degree n and leading coefficient a} U {0}.

Clearly, J,, is an ideal. Moreover, J,, C J,,11 because if f € I of degree n, then xf € I of degree n+ 1.
Therefore, since R is Noetherian, we have J,, = J,4+1 = ... for all n. Even further, for each m < n,
we have J,, is finitely generated, say by (a,, ;). We let a,, ; be the leading coefficient of f,, ;.

We now claim that I = (f,,,; : m < n) (and henceforth finitely-generated). To prove this, we prove
by induction on r = deg f that f is generated by f, ;’s. The base case r = 0 is clear. We have two
cases.

« Ifr >mn,let f(x) =ca” +---. Then, ¢ € J, = Jp, so c¢is generated by (ay, ;). This means there
exists b; € R such that ¢ = ) b;ay, ;. Then, we have

Z bifni(x) 2" ™ = cz” + lower-order terms.

The left-hand-side is generated by f;, ;, so one can use the induction hypothesis.
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« If 7 # n, the same thing happen: just change f, ; to f, ;. O

To summarize, any quotient and localization of Noetherian ring is Noetherian. Adjoining finitely
many elements into Noetherian ring is also Noetherian. This pretty much covers everything you will
care about in Algebraic Geometry.

We end with some warning.

! Warning 5.2.4.

« If R is a Noetherian ring, then subring S C R is not necessarily Noetherian. Example:
S = k[x1,22,...] and R = Frac S.

« If R and S are T-algebra, and R, S, T are all Noetherian, then R ®7 S is not necessarily
Noetherian. The counterexample is Q(z1, x2, . ..) ®g Q(z1, T2, . ..) is not Noetherian;
see [Vam78, Theorem 11]

Non-Noetherian rings show up in number theory (specifically, class field theory): for example,
the adele ring Ag is not Noetherian.

§5.2.2  Zariski Topology of Noetherian Rings

We have discussed a lot on properties on Noetherian rings. Now, we try to interpret this in terms of
spectrum.

El Definition 5.2.5 (Noetherian Space).

A topological space X is Noetherian if the closed subsets satisfy the Descending Chain Con-
dition (DCC). In particular, there is no infinite chain of closed sets

X3212Z29_232

Most topological spaces are not Noetherian though. For example, the real line R is obviously not
Noetherian because one can take infinitely nested intervals.

There is no surprising that this definition is rigged so that it is equivalent to Noetherian rings.
~ Proposition 5.2.6.

If R is Noetherian, then Spec R is a Noetherian space.

» Proof. There exists a correspondence between

{closed sets of Spec R} < {radical ideals of R}
Z — 1(Z)=()»

peZ
V(J) < J
Observe that I(V(.J)) = v/J by definition of radical, so these correspondence are inverses.
Thus, given a chain of closed sets Z; 2 Zy D Z3 2 ..., we get an ascending chain
I(Z1) € I(Z2) S .-,
which violates the Noetherian condition. O

§5.2.3  Irreducible Components

We now give a way to decompose Spec R.
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El Definition 5.2.7 (Reducible topological spaces).

A topological space X is reducible if X = Y7 U Y5 (not necessarily disjoint) such that Y; is
closed and Y; # X.

If X is not reducible and X # (), we say that X is irreducible.

Let us make some examples for the spectrum.

~ Example 5.2.8.

« Spec Z is irreducible because closed set is finite, so no two closed sets union to X.

« More generally, if R is a domain, then Spec R is irreducible, because if Spec R = Y1 UY5,
then (0) must be in at least one of Y;’s, but closure of (0) is the entire Spec R.

« On the other hand, Spec Clz, y]/(xy) is reducible because C[z,y]/(xy) is the union of
x-axis and y-axis. In particular,

Spec Clz, y]/(2y) = V(z) UV (y).

If X is a topological space, then a closed subset W C X is irreducible if and only if the induced
topology on W makes W irreducible. By plugging in the definition of induced topology, we find that
W is irreducible if and only if “for all closed subsets Y, Z such that W C Y U Z, we have either W C Y
or W C Z”. An irreducible closed set is maximal if it is not contained in another irreducible closed
set.

Every Noetherian topological space can be decomposed to a finite union of irreducible closed sets.
The Noetherian condition will guarantee finiteness.

~ Proposition 5.2.9 (Irreducible decomposition).

Let X be a Noetherian topological space. Then,

where Z; is a maximal irreducible closed set.

Moreover, this decomposition is unique. Consequently, there are finitely many maximal
irreducible closed sets.

» Proof. The proof is in two parts.
Existence. If X is irreducible, we are done. Otherwise, X = Y7 U Y5 where Y; C X closed. If

both Y7 and Y5 are irreducible, we are done. Otherwise, take Y7 = Y3 U Yy, where Y3,Y; C Y;. This
process continues. It must terminate in finitely many steps because X is noetherian. Thus, we have

X=27Z,U---U Z, for some irreducible closed sets Z1, ..., Z,.

We now check that Z; is maximal. Assume that Z; C Y for some irreducible closed set Y. Then,
notethat Y C Z; U---U Z,,s0Y C Z; for some j. Thus, Z; C Z; for some j, and we can throw Z;
out of the decomposition.

Uniqueness. If X = Y; U---UY,, is another decomposition, then Y1 C Z1U---UZ,,,s0Y; C Z;
for some 7, so by maximality, Y1 = Z;. Thus, every set in Y is equal to set in Z; for some j. Conversely,
every set in Z; is equal to Y; for some . Therefore, {Y;} and {Z,} are the same set. O

We now interpret this result algebraically. First, we can characterize when Spec R is irreducible.
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- Proposition 5.2.10.
The following are equivalent.

(a) Spec R is irreducible.
(b) Nil(R) is a prime ideal.

» Proof. This is a straightforward definition-chasing. For completeness, we provide a complete proof
below.

(a) implies (b). If a,b ¢ Nil(R) such that ab € Nil(R), so (ab)™ = 0 for some n. We claim that
Spec R = V(a) UV (b). To see this, given any prime ideal p, (ab)” = 0,soa € porb € p,sop € V(a)
or p € V(b). Finally, note that V'(a) # Spec R because a ¢ Nil(R), so by Proposition 1.4.1, there exists
a prime ideal not in V' (a). Similarly, V' (b) # Spec R. Thus, Spec R is not irreducible.

(b) implies (a). We claim that the closure of Nil(R) is Spec R. To see why, consider a closed set
V(I) containing Nil(R), so I C Nil(R), which in turn contains p for all prime ideal p. Thus, every
prime p € Spec Risin V(I).

Hence, if any irreducible closed set contains Nil(R), it must be entire Spec R. This shows that
Spec R is irreducible. O

~ Corollary 5.2.11.

(a) There exists a bijective correspondance

{prime ideals of R} < {irreducible closed sets of R}
P Vip)

(b) The correspondence above takes minimal prime ideals to maximal irreducible closed sets

of R.

» Proof.  (a) If I is a radical ideal, the following are equivalent:

« V(I) = Spec R/I is irreducible.
« R/I is a domain (proof: R/I is reduced).

« [ is a prime ideal.

(b) Follows from that V' is inclusion reversing, so it takes minimal prime ideals to maximal irreducible
closed sets. O

Thus, we have deduce the following corollaries.

~/ Corollary 5.2.12 (Noetherian rings have finitely many minimal primes).

If R is Noetherian ring, then there are finitely many minimal primes.

» Proof. Combine Proposition 5.2.9 (on X = Spec R) and Corollary 5.2.11. O
~ Corollary 5.2.13.

If R is Noetherian ring, then for every ideal I C R, there are finitely prime ideals minimal
among those containing I.

» Proof. Apply the previous corollary to R/I. O
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Let us now interpret these results. Let R be a Noetherian ring and I be a radical ideal. Then,
V(I) ~ Spec(R/I) can be written as union of V(p), where p is a prime ideal minimal among those

containing I. This means
V({I) = U Vip) =V (m Pi) .
i= i=1

Therefore, we have

m pi = ﬂ i
i=1 i=1

where p; prime ideals minimal among those containing /. Thus, any radical ideal can be written as
intersection of prime ideals minimal among those containing /. Moreover, this decomposition is unique!

In the next Chapter, Section 6.2, we will generalize this to non-radical ideals.

§5.3 Artinian Rings

Recall that Artinian rings satisfy the Descending Chain Condition: there is no chain
LH2L2DI3D....

We will now give the main structure theorem for Artinian rings.

First, we study Artinian local rings. Recall that a ring has dimension 0 if and only if every prime
ideal is maximal.

~/ Theorem 5.3.1 (Artinian local rings).
Let R be a local ring with maximal ideal m. The following are equivalent.

(a) R is Artinian.
(b
(c

d

R is Noetherian and has dimension 0 (i.e., has m as the only prime ideal).

R is Noetherian and m = Nil(R).

NN SN

R is Noetherian and m? = 0 for some integer N > 0.

This theorem tells us that a local ring R is Artinian if and only if Spec R has one point.
» Proof. We first do the easy part of showing that (b), (c), and (d) are all equivalent.

« (b) < (c). Follows immediately from the fact that Nil(R) is intersection of prime ideals (Propo-
sition 1.4.1).

« (¢) = (d). Let m be generated by z1,...,z,. Since m = Nil(R), all elements z1,...,x, are
nilpotent, so there exists e such that x§ = 2§ = --- = % = 0. Now, we claim that m"® = 0. To
see this, note that each term in m™ is a multiple of monomials ;1:{1 . fo" where f14+---+ f, >
ne. This monomial is zero because f; > e for some 1.

« (d) = (c). From m"V = 0, taking radical both sides gives m = Nil(R).

Finally, we move on to the difficult part of showing that (a) and (d) are equivalent. This is done in
two steps.

1. If R is Artinian, then m? = 0 for some N. Consider a descending chainm D m? O ....
Since R is Artinian, we have m” = m~*! for some N.

It’s so tempting to apply Nakayama’s Lemma (Corollary 2.2.5), and conclude that m” = 0. How-
ever, this doesn’t work, as Nakayama requires that m* is finitely-generated.
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Let us find a way to salvage this. Assume m” # 0. Let
¥ = {ideals .J such that m".J # (0)}.

We have & # ( since (1) € X. We then find J € X that is minimal (this is a finite process because
R is Artinian). Then, there exists 2 € J such that m2 # 0. However, m"V - (x) # 0, so since .J
is minimal, we have that J = (z)!

Furthermore, we note that
mV(mJ)=mV T T =mVJ £0 = mJ X,

so by minimality of J again, we get mJ = J. However, J is finitely generated because it is
principal! Thus, we may use Nakayama’s lemma (Corollary 2.2.5) to get that J = (0), and this is
a contradiction.

2. f mYN = 0 for some IV, then R is Artinian if and only if R is Noetherian.

We consider the filtration

N-1

Rom>Oom?>...m S>mY =0.

Then, the following are equivalent.

+ R is Noetherian as R-module.

« mi~1 /m’ is Noetherian as R-modules for all i = 1,2, ..., N. (Use Proposition 5.1.4.)
« m‘~1/m is Noetherian as R/m-modules for alli = 1,2,..., N.

o dimp/p(m'~!/m) <ocoforalli =1,2,...,N.

« m~!/m’ is Artinian as R/m-modules for alli = 1,2,..., N (as an R/m-module).
« m~!/m’ is Artinian as R-modules for alli = 1,2,..., N (as an R-module).
« Ris Artinian (as R-module). (Use Proposition 5.1.4 again.) O

Now, we can prove the main result for general Artinian ring,.
~ Theorem 5.3.2 (General Artinian rings).
Let R be a ring. The following are equivalent.

(a) R is Artinian.

(b) R is Noetherian of dimension 0.

(c) Spec R is finite and has discrete topology.
)

(d) R is a finite product of Artinian local rings.

The moral of this theorem is that

‘ Artinian rings look like finitely many points.

» Proof. We first show that (b), (c), and (d) are equivalent.

« (b) = (c). Corollary 5.2.12 gives that there are finitely minimal primes, and from R has dimension
0, every prime ideal is a minimal prime, so there are finitely many prime ideals.

« (c) = (d). By Problem 1.1, if Spec R is a disjoint union of points, it is a product ring Ry X - - - X R,
where Spec R; is a single point. Note that Spec R; is a single point, so by Theorem 5.3.1 ((b)
implies (a)), we get that R; is an Artinian local ring.

+ (d) = (b). The dimension 0 part follows from that the topology is discrete, while the Noetherian
part follows from Theorem 5.3.1 that every Artinian local ring is Noetherian and Proposition 5.2.2.
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82 5.4. Problems

Next, we show that (d) implies (a). To do this, it suffices to show that product of two Artinian rings
is Artinian (hence by induction, finite product of Artinian ring is Artinian). Let A and B be Artinian.
Then, we have an exact sequence of (A x B)-module

0—A—AxB—B—0.

Note that A is Artinian as A-module, so A is Artinian as (A x B)-module. Simiarly, B is Artinian as
(A x B)-module, so by exact sequence property, Proposition 5.1.4 A X B is Artinian.

Finally, we show the hardest implication that (a) implies (c). This is in two steps.

1. Every prime ideal of R is maximal (i.e., R has dimension 0). Let p C R be prime but not
maximal. Then, A = R/p is a domain but not a field. Thus, there exist 0 # f € A such that f is
not a unit, producing an infinite descending chain

A2(H20H20H 2.,
which contradicts that fact that A is Artinian.

2. R has finitely many maximal ideals. Suppose m;, my, ... are distinct maximal ideals of R.
Then, we product a chain
my D mymy D mymems D ...

Note that equality cannot occur: if m; ---m,, = my---my4q, then m; ---m,, C m,41, so the
primeness of m,, ;1 implies m; C m,,; for some ¢, which is a contradiction. Thus, we have an
infinite descending chain. O

~ Example 5.3.3.

Let R = C[z1,...,x,]/I, and suppose that the only point in Spec R is 0. Thus, (1, ... ,2,)
is going to be the unique maximal ideal, and m* = 0 in R for some k. Therefore, if I is an ideal
satisfying

(z1,...,z,)  CTC (21,...,2,),

then C[x1, ..., x,]/I is Artinian. For example, the ring

Clz]/ (2%, 2%y, zy, xy°)

is Artinian.

§5.4 Problems

Problem 5.A. (a) Let A be a Noetherian ring and ¢ : A — A be a surjective ring morphism. Prove
that ¢ is an isomorphism.

(Hint: consider Ker ¢™.)

(b) Let A be aring, and let M be a Noetherian module. Prove that every surjective module morphism
¢ : M — M is an isomorphism. (Notice that this is a special case of Problem 2.E. You are asked
to come up with a different proof.)

(c) Prove that (a) and (b) holds when “Noetherian” is replaced with “Artinian” and “surjective” is
replaced with “injective”.

Problem 5.B (Cohen’s Theorem). Prove that a ring A is Noetherian if and only if every prime ideal
of A is finitely-generated.

Problem 5.C. Prove that the ring of algebraic integer (i.e., the integral closure of Z in Q) is not Noethe-
rian.
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Problem 5.D. Let A be a Noetherian ring. Prove that the formal series ring
Al[z]] := {ao + a1z + asz® + ... : ao,ay,...,€ A}
is Noetherian.

Problem 5.E. Let A be a ring such that A, is Noetherian for all prime ideal p. Must A be Noetherian?

Problem 5.F. Let A be a ring such that A is Noetherian, Spec A is connected, and A, is a domain for
all prime ideal p. Prove that A is a domain.

Problem 5.G. Let k be a field and A be a finitely-generated k-algebra. Prove that A is Artinian if and
only if dimy, A is finite. (There is a very short solution.)
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6 Associated Primes and Primary Decom-
position

In this chapter, we will discuss primary decomposition, which is a theory that tries to decompose a
general ring into a simpler set of ideals, called primary ideals.

Many theorems in this chapter requires Noetherian assumption. We will try to be careful about
which part requires Noetherian hypothesis, but for most part, you should assume that all rings are
Noetherian.

§6.1 Associated Primes
86.1.1  Definition

£l Definition 6.1.1 (Associated primes).

Let M be an A-module. A prime ideal p C A is an associated prime M if there exists x € M
for which Ann(z) = p.

The set of associated primes is (unfortunately) denoted Ass(M) (or Ass 4 (M) if the ground
ring is not clear).

Equivalent definitions: p € Ass(M) iff the following (equivalent) conditions hold:

« there exists # € M such that the map A —% M has kernel p.

- there exists an injective map A/p — M.

Let’s do some examples.
~ Example 6.1.2.

We have some examples for Z module.

< If M = Z/(p"q"), then Ass(M) = {(p),(q)}, where (p) = Ann(p®~'¢"), (¢) =

Ann(p®g®™t).

« If M = Z @& /2, then Ass(M) = {(0), (2)}.

/ Exercise 6.1.3. Let M and N be two R-modules. Prove that Ass(M @ N) = Ass(M) U
Ass(IV).
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§6.1.2  Basic Properties

~ Proposition 6.1.4.
We have the following.

(a) If x € M and Ann(z) = p. Suppose that 0 # y € Ax, then Ann(y) = p also.
(b) Ass(A/p) = {p}.

» Proof.  (a) We have Az ~ A/p C M, and since A/p is a domain and y # 0, we have Anny/, y =
(0). Thus, Anny y = p.

(b) Follows directly from (a). [

We now prove that there exists at least one associated prime.
~ Theorem 6.1.5 (Existence).

If Ais Noetherianandy # 0 € M, then there exists a prime p € Ass(M ) suchthatp O Ann(y).
In particular, if M # 0, then Ass(M) # 0.

» Proof. Make a poset
Y ={Amn(z):x #0€ M}
ordered by inclusion.

We claim that every maximal element must be in Ass(M ). To show this, suppose I € ¥ is maximal
element, so I = Ann(x) for some x € M. It suffices to that I is prime. To that end, given f,g € A and
fg € 1. Then, (fg)x = 0.

Assume that g ¢ I. Thus, g # 0. Then, we have that (I, f) C Ann(gz) € ¥, but I is maximal in
3, so the only way this could happen is Ann(gz) = I and f € I.

Finally, if Ann(y) is not maximal in ¥, we keep climbing up the poset, forming an infinite ascending
chain that must stabilize because A is Noetherian. The poset must stabilize at a maximal element of 3,
which is in Ass(M) by the above claim. O

@ Remark 6.1.6.

Theorem 6.1.5 does not hold when A is not Noetherian. Example: R = M = C(R,R), the ring
of continuous functions on a real line.

~ Corollary 6.1.7.
We have

U p= U Ann(y) = {zero divisors of M }.
pEAss(M) y#0eEM

We now show that for a Noetherian module, there are finitely many associated primes.
~ Theorem 6.1.8 (Finiteness).
(a) If we have a short exact sequence of A-modules

0—L-25 M "N 0,
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then
Ass(L) C Ass(M) C Ass(L) U Ass(N).

(b) If M is a Noetherian A-module, then Ass(M) is finite.

» Proof.  (a) For the first containment, we have the composition 0 — A/p — L 4 M of injective
maps, therefore, p € Ass(M) also.

We now prove the second containment. Letp € Ass(M), so there exists injective map v : A/p —
M. By viewing L as a submodule of M, we assume that L = Ker 7. We have two cases.
« If Im(ax) N L = 0, then 7 o « is an injective from A/p — N, and so p € Ass(N).
« Otherwise, there exists y € Im(a) N L. By Proposition 6.1.4 (a), we have that Ann(y) = p,
sop € Ass(L).
(b) It suffices to make a chain of submodules

O=MyCMy CMC---CM,=M

such that M;/M;_; = A/p, for prime ideal p;. If we have this, then (a) gives Ass(M) C
{pla e apn}

To prove this, by Theorem 6.1.5, pick p; € Ass(M), so there exists element z; € M such that
Annys(x1) = p1. Thus, we let My = Axq ~ A/p;.

If M7 = M, then we are done. Otherwise, by Theorem 6.1.5, pick po € Ass(M /M), so there
exists element x5 € M such that Anny s, (72) = po. Therefore, My = Ax, satisfies My /My =

A/p2. Continue this process forever, and it must terminate because M is a Noetherian A-module.
O

~ Example 6.1.9.

Consider the exact sequence
052Z-5717/2—0.

Then, we have Ass M = {(0)} # Ass(L) U Ass(N) = {(0),(2)}.

~ Theorem 6.1.10.
(a) For any multiplicative set S C A, we have

Assg14(ST'M) = {S7p :p € Assa(M) such that p N S = P}.

(b) If A is Noetherian, M is finitely-generated, and p is a prime ideal minimal among those
containing Ann (M), then p € Ass(M).

» Proof.  (a) Mostly definition-chasing.

Ifp € Assa(M) and p NS = 0, then there is an injective map R/p — M, which turns to
S=Y(A/p) = STYA/S7'p — STIM, where we used Theorem 3.2.3 to commute localization
inside quotient and see that it preserves injectivity. This gives S~'p € Assg-14(S™1M).

Conversely, by Theorem 3.1.10, suppose that S~™!p € Assg-14(S~1 M), where pN S = 0, then
we have an injective map S™1(A/p) — S™!M. Suppose that this map takes 1 to z/s for some
x € M and s € S. We claim that Ann(z) = p. To see this, suppose that rz = 0 for some r € A.
Then, r2 = 0,sor = 0in S™'(A/p). Therefore, ur = 0 (mod p) for some u € S, and since
SNp+#0D wehaveu ¢ p,sor € p.
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(b) First, we show that M, # 0. Suppose M, = 0. Suppose z1, T2, ..., Ty, generates M. Then,
since the image of x; in M, is 0, there exists a; ¢ p such that a;z; = 0. Now, note that the
product a; - - - a,, annihilates z1, ..., z,, and hence annihilates M, so ay - - - a,, € Ann(M), but
ay - --an ¢ p, a contradiction.

By Theorem 6.1.5, we have AssAp (M) # (). However, from (a), this set correspond to q €
Ass(M) such that ¢ C p. Note that q contains Ann(M), so by minimality, ¢ = p. Hence
p € Ass(M). O

§6.1.3  Local Property and Associated Primes

~/ Corollary 6.1.11 (Local Property and Associated Primes).
Let A be Noetherian ring, M be an A-module. Suppose that x € M such that for all p €
Ass(M), the image of = in M, is 0. Then, z = 0.
» Proof. Assume z # 0. By Theorem 6.1.5, Ann(z) is contained in some associated prime p. Then, if
the image of x in M, is 0, then ax = 0 for some a ¢ p. This contradicts Ann(x) C p. O
This gives the following two corollaries.
~ Corollary 6.1.12.

Let A be Noetherian and M be an A-module. Then,

(a) If K is a submodule of M, then K = 0 if and only if K\, = 0 for all p € Ass(M).

(b) If ¢ : M — N, then ¢ is injective if and only if ¢, : M, — N, is injective for p €
Ass(M).

» Proof. (a) Clear from Corollary 6.1.11.

(b) Apply (a) with K = Ker¢ C M. O

§6.2 Primary Decomposition

‘ For this entire section, let A be a a Noetherian ring.

The goal of this section is to develop the theory that decompose ideals of A into simpler ideals. We have
seen two special cases of this.

« If A is a PID (hence UFD), then an ideal I = (f) can be written in form

k
I=(p)™ - (pe)™ = [ )(p)™,
i=1
where p1, ..., py are prime elements of A. In order words, any ideal is an intersection of prime

powers. Special cases of this include A = Z and A = k[z].

« From Section 5.2.2, any radical ideal [ is an intersection of prime ideals minimal among those
containing I.

Our theorem will be that for any Noetherian ring A, any ideal I can be written as the intersection of a
special kind of ideas called primary ideals. When A is a PID, primary ideals coincide with prime powers.

However, the notion of primary ideals is more general.
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§6.2.1  Primary Ideals

[ Definition 6.2.1.
Anideal Q C Ais
« primary if whenever fg € @, either f € Q or g™ € () for some n > 1.

« p-primary (where p is a prime ideal) if Q) is primary and /Q = p.

In other words, @) is primary if and only if every zero divisor in A/Q) is nilpotent. For example,
prime powers in Z are primary.

~ Lemma 6.2.2.

If Q is primary, then 1/Q is prime.

» Proof. Note that
f9eVQ = [fg"€Q = [reQorg™ eq.

Either way, this implies that f € 1/Q or g € /Q. O

In the definition above, since we assumed that A is Noetherian, p is finitely generated, so there
exists m > 0 such that p™ C Q C p.

! Warning 6.2.3.

« If 1/Q is prime, then Q is not necessarily primary. For example,
I = (22, 2y) C Clz,y] = VI = ().
We have (22) C I C (z), but I is not primary. We have xy € I but 2 ¢ I and y ¢ /1.
« Prime powers are not necessarily primary. To see an example, take

_ Clry,2l
A—(m_yg),p (@,9).

Then, we claim that p? = (22, 2y, y?) is not primary. To see why, note that 2z = y2, but
r¢p?andz ¢ p.

~ Proposition 6.2.4.

Given an ideal Q C A such that v/QQ = m is maximal, then @ is m-primary.

» Proof. Suppose that f ¢ Q, thentheideal I = {g € A : fg € Q} is a proper ideal of A4, so it is
contained in a maximal ideal m’. In particular, we have Q C I C m’. Thus, we have VQ C V' —
m C m/, and so m = m’. Thus, I C m. Therefore, if fg € Q, we musthave g € I, so g € mor g" € Q
for some I. O

We now connect primary ideal to associated primes we studied earlier in the previous section.

~/ Theorem 6.2.5 (Primary if and only if one associated prime).

Q is p-primary if and only if Ass(A/Q) = {p}.
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» Proof. (=). Pick x € A such that the image T € A/Q is nonzero and such that Ann () is a
prime ideal. Then, we observe that

QC Ay o) ={yeA:zycQ}
C{y:y" € Q for somen > 0} (def. of primary ideal)

CVQ=hp.

Since Ann 4 /() is prime ideal, taking radical both sides gives p € Ann ;o (T) C p,s0 Anny q(7) =
p, so any associated prime must be p. Since Ass(A/Q) # 0 (Theorem 6.1.5), it follows that Ass(4/Q) =
{p}.

(<) If Ass(A/Q) = {p}, then any nonzero submodule of A/Q also has only p as associated prime.
Given 0 # M C A/Q, we note by definition of radical that

VAnn M = ﬂ q= ﬂ qg=1p (6.1)

q2Ann(M) q€Ass(M)

(where we used Theorem 6.1.10 in the middle equality). In particular, plugging M = A/Q into (6.1)
gives /Q = p.

Now, given f, g such that fg € Q. If f ¢ Q, then we reduce 0 # f € A/Q, giving a submodule
M = Af C A/Q generated by single element f We have g € Ann(M), so using (6.1) with this choice
of M, we have g € \/Ann(M) = p, so g" € p for some n. Hence, () is primary. O

I} Remark 6.2.6.
All the theory above generalizes by replacing A with arbitrary modules M. In that case, a sub-
module N C M is p-primary if Ass(M/N) = {p}. The theorem then says that any submodule

of M can be expressed as an intersection of p-primary submodules. Moreover, the set of primes
that appear is precisely Ass(M).

§6.2.2 Primary Decomposition
We are now ready to state primary decomposition theorem.
[l Definition 6.2.7 (Primary decoposition).

Given I C A, a primary decomposition of I is an expression

I= in
i=1

such that

+ (; is p;-primary for all 7.
« I ¢, Qi for each j.

o p; #pjforalli,j.

The second one is to clean out redundant elements. For the third one, if p; = p; for some 7 and j,
then the following lemma tells us that we can combine ); and @); into a single ideal.

~ Lemma 6.2.8.

If Q1 and Q2 are both p-primary, then so is Q1 N Qo.

- 90 -



Chapter 6. Associated Primes and Primary Decomposition 91

» Proof. Themap A/(Q1 NQ2) — A/Q1 ® A/Q2 is injective. Thus, by Theorem 6.1.8 (a),

Ass(A/(Q1NQ2)) C Ass(4/Q1) U Ass(4/Q2) = {p},
so since Ass(A/(Q1NQ2)) # 0 (Theorem 6.1.5), it follows that Ass(A/(Q1NQ2)) = {p}, so the result
follows from Theorem 6.2.5. O

Thus, to prove that primary decomposition exists, we must show that any ideal can be written as
intersection of primary ideals; there is no need to care about the second and third condition.

Let us demonstrate some examples of what primary decomposition look like.

~ Example 6.2.9.

Consider
I = (a%,29) C Cla,y).

This ideal is contained in the maximal ideal (z,y), and in fact, we have
(2%, 2y) = (z) N (2,9)?,

which is one primary decomposition. However, there are also other decompositions. For ex-
ample,

I=(x)N (2 y)
= (z) N (2%y — ax).

~ Example 6.2.10.

Consider C| |
1‘7 y’ Z

A = —— = .

o) P (z,y)

We have seen in Warning 6.2.3 that p? is not primary. Its primary decomposition looks like

p2 = (ﬂf) N (l‘,y,Z)Q.

We now prove that primary decomposition exists.
~ Theorem 6.2.11.

If A is Noetherian, then primary decomposition always exists.

To prove this theorem, we first make the definition.
El Definition 6.2.12 (Indecomposable ideals).

Anideal I C Aisindecomposable if whenever I = J N K for ideals JJ and K, then I = J or
I=K.

Thus, by repeatedly breaking down decomposable ideals, any ideal I must be written as J; N Jy N
-+ N Jp, where J; indecomposable. Since A is Noetherian, the process must stop.

Thus, to prove that primary decomposition exists, it suffices to show the following.
~ Proposition 6.2.13 (Indecomposable implies primary).

If Q is indecomposable ideal of a Noetherian ring A, then () is primary.
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» Proof. By replacing A with A/Q), we may assume that @ = (0).
If zy = 0, then we have

y € Ann(z) C Ann(z?) C Ann(2®) C ...

This chain must stabilize, so for some k, we have Ann(z*) = Ann(z**+1).

Now, we claim (%) N (y) = (0). To see why, if a € (z*) N (y), then az = 0 and a = bx*. Thus,
b+l =0 = b€ Ann(2**!) = Ann(2%). Thus, a = bz* = 0 as claimed.

Since (0) is indecomposable, we must have either (z*) = (0) or (y) = (0). Thus, z¥ = 0 or y = 0,
as desired. O
§6.2.3 Quasi-uniqueness of Primary Decomposition

Unfortunately, as seen above, primary decompositions are not unique. However, we can say something
about uniqueness.

~/ Theorem 6.2.14 (Quasi-uniqueness).

Let A be a Noetherian ring. If an ideal I has a primary decomposition I = [ Q; such that Q;
is p;-primary, then {py,...,p,} = Ass(A/I).

In particular, the set {p1,...,p,} is unique.

» Proof. Consider the direct sum of projection
fiA-EPA/Q
i=1

We have ker f = I. Thus, A/ is a subring of these direct sums. In particular,
Ass(A/I) C Ass (EB A/Qi> = JAss(4/Qi) = {p1,...,pn}.
i=1 i=1

We now show that for each i, we have p; € Ass(A/I). Let

_ @i

N
I

A/

By irredundant condition, N # 0. Moreover, we have the composition N — A/I — @?:1 A/Q;
is zero on each factor j # i, and it is injective onto A/Q;. Thus, Ass(N) C Ass(A/Q;) = {p;}, so
Ass(N) = {p;} (because it must not be empty), and so p; € Ass(A/I). O

§6.3 Problems

Problem 6.A. Let R = Clz, y]/(zy)-module and let M be an R-module with generators a and b and
a single relation za + yb = 0 (the same module as in Problem 2.A). Determine Ass M.

Problem 6.B. Let A be a Noetherian ring and M be a finitely-generated module. Suppose that [ is an
ideal of A with property that for every a € I, there exists 0 # m, € M such that am, = 0. Prove that
there exists 0 £ m € M such that I - m = 0.

Hint: prime avoidance, Problem 1.E.

Problem 6.C. Let R be a Noetherian ring and I be an ideal.

(a) Explain why every prime ideal minimal over I (i.e., minimal among those containing I) must be
an associated prime of R/I.
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(b) If R/I is reduced (i.e., I is a radical ideal), prove that every associated prime of R/I is minimal
over [.

Problem 6.D. Let A be a Noetherian domain and r € Frac A. Suppose that for every f € A and
p € Ass(A/(f)), we have r € A,. Prove thatr € A.

(Hint: suppose that » = a/b. Let M be a submodule of A/(b) generated by a and consider p €
Ass M)

Problem 6.E. Let R be a ring and @ be a primary ideal.

(a) If ¢ : S — R is a ring homomorphism, then prove that $~1(Q) is a primary ideal in S.

(b) Prove that for every multiplicative set S C R, S!Q is either equal to S~ R or a primary ideal
in SR

Problem 6.F. Find a primary decomposition of the following ideals.
(2) Ideal (x + y,zy) of Clz,y].
(b) Ideal (zy,x — yz) of C[z, ¥, 2].

(c) Ideal (22, 292, y%2, x2) of Clz, y, 2].

(Problem 6.E might be helpful.)
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7 Discrete valuation Rings and Dedekind Do-
mains

In this chapter, we are going to talk about a special kind of local rings, discrete valuation rings, and its
non-local analogue, Dedekind domain.

Recall that the (Krull) dimension of a ring is the longest chain of prime ideals in a ring py C p1 C
...pg. Rings of dimension 0 are Artininan rings. The next level of complexity is studying domains of
dimension 1. In this case, every nonzero prime ideal is maximal. The two main examples to keep in
mind are

« ring of integers Ok in a number field;

« Spec R of an algebraic curve.

§7.1 Discrete Valuation Ring
§7.1.1  Definition and Basic Properties

£ Definition 7.1.1 (Discrete valuation and DVR).

Let K be afield. A discrete valuation on K a surjective function v : K — ZU{oc} satisfying
the following:

» v(zy) = v(x) +o(y)-
« v(z +y) = min(v(z),v(y)).
« v(z) = oo if and only if z = 0.
For any discrete valuation, one defines the ring
V={xeK:v(x)>0}
(it’s easy to check that it forms a ring). Every ring arises from discrete valuation this way is

called a discrete valuation ring (DVR).

~ Example 7.1.2.
Here are two examples from both Number Theory and Algebraic geometry that looks similar.

« For any prime p, the ring
Zp) = {3 €Q:ptd}
is a DVR because it comes with the p-adic valuation v, : Q — Z U {c0}, where v, (r) is
the exponent of p in the prime factorization of r.
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96 7.1. Discrete Valuation Ring

« For any field k, the ring
k‘[l‘](w) = {zéi S k 75 O}
f

is a DVR. The valuation is define by for each f € k[z], v(f) is the exponent of x in
factorization of f, and then extend it by v(f/g) = v(f) — v(g).

~ Proposition 7.1.3 (Properties of DVR).

Let V be a DVR with corresponding valuation v : K — Z U {oco}, where K = FracV.

Fix an element 7 € V with v(7) = 1, then every nonzero ideal of V' is generated by (7*)
for some integer k.

Consequence of this facts include

« Vis a PID (hence Noetherian, UFD, and integrally closed).
« V is local ring with unique maximal ideal (7).
« The only prime ideals of V" are (0) or (7).

« V has Krull dimension 1.

» Proof. Let I be a nonzero ideal of V. Let m = min{v(z) : « € I}, and take an element x such that
v(z) = m. We claim that I = (7).

In one direction, we have to show that 7™ € I. Observe that, v(7™x~!) = mv(7) — v(x) = 0, so
amz~! € V, implying that z - 7™zt = 7™ € 1.

In another direction, given y € I, then by minimality, we have v(y) > m. Thus, v(y - 7#~™) > 0, so
y-m "™ eV,soy € (7). O

§7.1.2 Characterization of DVRs

We have the following big theorem.

~ Theorem 7.1.4 (Characterization of DVR).

Let (R, m) be a local Noetherian domain with dimension 1 (i.e., m is the only nonzero prime

ideal). Let k = R/m be the residue field and K = Frac R. Then, the following are equivalent.

(a) RisaDVR.
(b) R isintegrally closed in K.
(c) mis principal.
(d) dimgm/m? = 1.
)
)

(e) Every nonzero ideal is a power of m.

(f) There exists 7 € R such that all ideals are in form (0) or (7™).

E Remark 7.1.5 (DVR, integrally closed, and smoothness).
If R is the ring obtained by localizing k[z,y]/(f) at the maximal ideal (x — a,y — b), then

dim R = 1 (by Theorem 4.5.4). Moreover, condition (d) dim; m/m? = 1 is the easiest to check
whether R is a DVR. Roughly speaking m? mods out the quadratic or higher term, so m/m?
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only cares about linear approximation of f near point (a, b). Working out the details, it turns
out that

0
RisaDVR <= atleast one of —f

of
o and —

(a:b) %

is nonzero,
(a,b)

and this is equivalent to that the curve f(x,y) = 0 is smooth at (a, b). In particular,

‘ DVR looks like dimension 1 objects at smooth points. ‘

Owing to Proposition 4.2.15, condition (b) gives an easy condition to check whether k[x, y]/(f)
is a integrally closed when k is algebraically closed; one simply needs to evaluate partial deriva-
tive of f and show that at no point do both % and g—‘; vanish.

» Proof. (a) = (b). True because R is a PID, hence UFD, and integrally closed (Proposition 4.2.5).

(b) = (c). This is the hardest implication. Let a # 0 € m. We first claim that there exists n such
that m™ C (a). To prove this, Spec R/(a) has only one point, so R/(a) is Artinian. Thus, in R/(a), we
have from Theorem 5.3.1 that m" = 0, so m" C (a)!. We pick n minimal so that m"~! C (a), so there
exists b € m" 71\ (a).

Letx = § € K. Then, since b ¢ (a), we have g ¢ R, so it is not integral.

. If gm C m, then by Cayley-Hamilton’s theorem (Theorem 2.2.1) on module m and the map of
multiplication by g, we get that g is integral, a contradiction.

o If gm C m, then, we note that bm C m™ C (a), so bm C (a). Dividing by a both sides gives
b C R. Therefore, gm is an ideal, but it is not contained in the maximal ideal m, so gm = R.
Hence, m = (a/b).

(c) = (d). Let m = (7). Then, m/m? = Span(7), so dim; m/m? < 1. However, m/m? = ( because
if m = m?, then by Nakayama (Corollary 2.2.5), m = (0), contradiction. Thus, dim(m/m?) = 1.

(d) = (c). We have m/m? = k7. Pick 7 € m lifting 7. Then, by Nakayama on lifting generators
(Corollary 2.2.6), we have m = (7).

(c) = (e). Suppose m = (7). Now, given I C R, we claim that we can find k such that I C (7%)
but I C (7**1). If such k does not exist, then I C (%) for all k, which means that we have an infinite
ascending chain of ideals

I Cn'l ol C...

contradicting the fact that R is Noetherian.
Having found such k, we pick f € I\ (7**1), so f = m¥g where g ¢ (7). Thus, g is a unit and so
(f) = (%) C I C (%), forcing equality, so I = (7%) = m*.
(e) = (f). If m = m?, then Nakayama (Corollary 2.2.5) gives m = (0), a contradiction. Thus, there

exists 7 € mbut m ¢ m?. Let () = m". Since 7 ¢ m?, it follows that r = 1. Thus, every ideal is of the
form m” = (7).

(f) = (a). We define v : R — Z U {0} as follows: for each a € R, by (e), the ideal (a) must be in
form (7°) for some integer e > 0. We set e = v(a). This v clearly satisfies

« v(a+b) > min(v(a),v(d)); and
- v(ab) = v(a)v(b) for all a,b € R.

Now, extend v to K by v(z/y) = v(z) — v(y). One can see that the above two properties still hold.
Finally, we have to show that ¢ € R if and only if v(a) > 0. The (=) direction is clear. For the (<)
direction, suppose that a,b € R such that v(a/b) > 0, or v(a) > v(b). Then, (b) C (a), so b divides a,
so a/b € R. Hence, we conclude that v is a discrete valuation with valuation ring R. O

!Note that we are using the easy implication (b) implies (d) in Theorem 5.3.1. Thus, it is possible to avoid using this theorem.
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98 7.2. Dedekind Domain

§7.2 Dedekind Domain

§7.2.1 Definition and Unique Factorization
The definition of Dedekind Domain is in the proposition.
~ Proposition 7.2.1 (Dedekind Domain).

Let R be a domain, Noetherian, and one-dimensional (every nonzero prime ideal is maximal).
Then, the following are equivalent.

(a) R isintegrally closed.
(b) Every localization of nonzero prime R, is a DVR.

(c) Every primary ideal is a power of a prime ideal.

We say that R is Dedekind Domain if it meets the (equivalent) conditions of the proposition.

Since DVR corresponds to objects at smooth points, we get that

‘ Dedekind domain looks like smooth dimension 1 objects. ‘

» Proof. (a) < (b). Since being integrally closed is local (Proposition 4.2.14), we get that R is integrally
closed if and only if R, is integrally closed for all nonzero prime ideal p. By Theorem 7.1.4 ((b) implies
(a)), this is equivalent to /2, being DVR for all nonzero prime ideal p.

(b) = (c). The (0)-primary ideal is clearly just (0). Thus, it suffices to consider only p-primary
for all nonzero prime p. If Q) is p-primary, then @, sits inside a DVR Ry, so Q, = p*R,, and so by
contracting to R, we get that Q = p*.

(c) = (b). Now, suppose (c) holds: every primary is a prime power. Let p be any nonzero prime
ideal of R, and consider any ideal I C R,. Note that the only prime ideals of I and R, are (0) and p,
so Ass(Ry/I) = {p} (it cannot be empty), so I is p-primary.

Thus, the contraction of I to R is p-primary, and so it must be a power of p. This means that I = p¥
for some k, and Theorem 7.1.4 ((e) implies (a)) concludes that R, is a DVR. O

~ Corollary 7.2.2 (Dedekind domains has unique factorization of ideals).

In a Dedekind Domain, any ideal I can be factored uniquely to

1=1J»s
i=1

where p; are maximal ideals and a; > 0.

» Proof. By primary decomposition, we have I = (", p;. By Chinese Remainder Theorem, it suffices
to prove that p;* and p;j are coprime. But this follows from that p; and p; are coprime. O

7 Exercise 7.2.3. Prove that if R is a Dedekind domain, then R is a PID if and only if it is a
UFD.

We now give some examples of Dedekind Domain.
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~ Example 7.2.4.

+ PID’s are Dedekind Domain because the localization at any nonzero prime ideal is PID,
hence a DVR.

+ The next theorem (Theorem 7.2.5) will show that the ring of integers Ok of any number
field K is a Dedekind domain. This is a key example in number theory.

§7.2.2 Key Example: Extensions of Dedekind Domain
We will now discuss a way to construct a Dedekind Domain.

~ Theorem 7.2.5 (Extension of Dedekind domain is Dedekind domain).

Let A C K = Frac A be a Dedekind Domain. Let & C L be a finite, separable extension. Let
B be an integral closure of A inside L. Then, B is a Dedekind domain.
To prove that B is a Dedekind domain, we need to show that B is

« integrally closed: obvious;
« one-dimension: follows from Theorem 4.5.3;
+ Noetherian: that is (surprisingly) the hard part.
The hard part is to prove that B is Noetherian. This will require the fact that L D K is separable.

First, let us recall what separable means.

[l Definition 7.2.6 (Separable extension).

A field extension L/ K is separable if and only if for any a € L, the minimal polynomial of «
over K has distinct roots in K D K.

~ Example 7.2.7 (Non-seperable extension).

Let K = F,(t) and L = K[z]/(zP — t). Then, if « is the image of z in K[z]/(zP — t), then the
minimal polynomial of « is 2P — t = (x — «a)P.

We use the following fact from basic field theory: “L/K is separable if and only if there exists
[L : K] = n distinct embeddings o1, ...,0, : L — K”. If we base change a separable extension to
algebraic closure, we have

Then, we have the map o _
L— KoLK

y— 1oy = (01(y),---,0n(y))

Now, let’s go back to Theorem 7.2.5. Recall that the tricky part is to prove that B is Noetherian. This
is hard because

i Remark 7.2.8.

If A is Noetherian, then the integral closure of A inside Frac A need not be Noetherian.

However, we have the following result.
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100 7.2. Dedekind Domain

~ Theorem 7.2.9.

Let A be Noetherian and integrally closed inside fraction field A C K. Let L be a finite,
separable extension of K. Let B be the integral closure of A in L. Then, B is finitely-generated
A-module.

This theorem immediately proves Theorem 7.2.5.

» Proof of Theorem 7.2.9. To prove this theorem, we need the notion of trace. Define the trace map

TrL/K L+ K
y = Tr(z — yz).
——
M:‘J

For separable case, one can calculate trace using the basis of K ‘@ L= [I K. In particular, we have
Tr(M,) = Tr(M,g,). However, if we write this in a basis of [ [ K, we have

o1(y) ... 0
Mgy = Mo, (y),....on(n) = ;
0 ...on(y)

and so we have Try, /x (y) = o1(y) + - + on(y).

We now have the following observations.

1. Ifb € B, then Try )¢ (b) € A.

Proof. We have Trp k(b)) = > 1 04(b) € K. Since b is integral, we have ¢;(b) integral, so
Try,/x (b) is integral over A, so Try k(b)) € A.

2. The trace pairing (e, ®) : L x L — K by (y1,y2) = Trr i (y1y2) is nondegenerate. (ie., ify # 0,
there exists z € L for which Try /i (yz) # 0).

Proof. We need to check this after tensoring with K, in which get [ K. The pairing then is
(215 2n), (W1, ..., wp)) = z1wW1 + -+ - + ZpWh,
and it’s easy to see that this is non-degenerate.

We now prove the theorem. Pick a basis z1, ..., z, of L over K. By scaling x; by a € A, one can
assume x; € B (just let a be the product of all denominators).

The next step is to define the trace dual. Pick y1, ..., ¥y, € L such that
1 i=yj
Tr(zy;) =
(iy;) {o i+
Then, we are almost one. We claim

n
=1

Why? If b € B, write b = ) ¢;1;, then by taking trace pairing both sides, we get that Tr /i (z;b) =
¢i € A, so we are done. That equation is enough to deduce the theorem. O

Let’s give some example applications of this theorem.

~ Example 7.2.10.

« The most obvious application is in number theory. When A = Z, K = Q, and L is a
finite extension of Q, we get that the ring of integers B = Oy, is a Dedekind domain.
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« Let A = C[z], K = C(«),and L = C(z,y)/(y* — 23 — z). Then, one can show that
Clz,y]/(y* — 2® — x) is integrally closed (which is true, but require some work), then
B = Cl[z,y]/(y* — 23 — z) is a Dedekind domain.

In general, smooth curves over C correspond to integral closure of a finite extension of
C(x). Then, the integral closure gives a Dedekind domain.

§7.3 Fractional Ideals

§7.3.1  Fractional Ideals and Invertible Ideals
We will first discuss these notions for a general domain (not necessarily Dedekind Domain).
£ Definition 7.3.1 (Fractional ideals).

Let A be a domain and K = Frac A. An A-submodule I C K is a fractional ideal if there
exists ¢ € A such that x1 C A.

Equivalently, a submodule I C K is a fractional ideal if and only if it is in form zJ for some
x € K and regular ideal J C A.

] Definition 7.3.2 (Invertible and principal fractional ideal).
A fractional ideal I C K is

- invertible if and only if there exists a fractional ideal J C K such that J = A.

« principal if and only if I = (x) for some x € K.

- Proposition 7.3.3.

If ] is invertible, then I is finitely-generated.
» Proof. Suppose that IJ = A. Then, there exists i1,...,4, € [ and ji,...,J, € J such that i;j; +
-+ +1ipjn = 1. Forany « € I, note that 2j; € IJ = A and we have © = 41 (zj1) + ... 9n(2Jn), so [ is

generated by i1, ..., i,. O

The following theorem shows that invertible fractional ideals are “locally principal”. In other words,
they are locally free modules of rank 1.

-/ Theorem 7.3.4 (Characterization of invertible fractional ideals).

Let I be a fractional ideal over domain A. Suppose that [ is finitely-generated. Then, the
following are equivalent.

I is invertible.

(A:I)J = A, where (A:I)={z e K :2I C A}.

@
(b
(c
d
(e
(f

1, is an invertible fractional Ap-ideal for all prime ideal p.
I, is an invertible fractional A, -ideal for all maximal ideal m.

I, is a principal ideal for all prime ideal p.

NI N == NG )

Iy is a principal ideal for all maximal ideal m.
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» Proof. We have the following clear implications:

- (b) implies (a) because (A : T) is the inverse.
+ Localizing IJ = A gives I, J, = A,, so (a) implies (c), and (c) implies (d).

« Principal ideals are invertible, so (e) implies (c) and (f) implies (d).

We first show (a) implies (b). (Thus, (a) and (b) are now equivalent.) Suppose I.J = A. Then, for any
j€J,wehave jI CIJ=A,s0j € (A:1). Thus, J C (A: I). In the other direction, note that

(A:I)=(A:DHA=(A:)IJCAJ =,

so(A:1I)C J, forcing J = (A:I).

Now, we show that (a), (b), (c), and (d) are equivalent. To do this, it suffices to show that (d) implies
(a). Assume (d) is true. First, we leave to the reader to check that (A : I)y, = (An : In) for all
maximal ideals m. (This uses I is finitely-generated.) Note that (A : I)I C A, so we have the inclusion
map ¢ : (A : I)I — A. Localizing this map gives ¢n : (A : In)lm — An, which we know from
(b) (applied on A,,) that it is surjective. Thus, by Corollary 3.3.2, we get that ¢ is an isomorphism, so
(A: DI = A

Finally, we show that (c) implies (e) and (d) implies (f). To show both of these, it suffices to show
that “if A is a local ring and I is an invertible fractional ideal, then I is principal”

To prove this claim, let m be the (unique) maximal ideal of A, and let [J = A. Then, there exists
i1y...,in € Tand j1,...,jn € J such thatiyj; + -+ + inj, = 1. Thus, at least one of the terms, say
1171, 1s in A \ m, hence a unit. Now, let I’ = i;. Then,

(1) € (i) () € (i) € 1T = (1),

forcing all equalities. Thus, (i1).J = I.J. Multiplying by I both sides gives (i1) = I. O

~ Example 7.3.5.
The ideal I = (z,y) C Clz, y] is not invertible. We check this in two ways.

« First, we show that (b) does not hold. We claim that (Clx,y] : I) = C[z,y]. Indeed, if
f € C(z,y) suchthat zf € C[z,y] and yf € C[x, y], then we would have f € Clz,y].

« We show that (e) does not hold. To do this, we localize at maximal ideal m = (x,y).
Then, I, = m(C[z,y]w) =: M, the maximal ideal of C[x, y],. Then, m/m? is spanned
by x and vy, so it is definitely not generated by one element, so m is not principal.

Now, we specialize to Dedekind domain.
~ Theorem 7.3.6.

If A is a Dedekind domain, then every fractional ideal is invertible.

» Proof. Let I be a fractional ideal of A. Then, since A, is a DVR, hence PID (Theorem 7.1.4), we get
that I, is principal for all nonzero prime ideal p. Hence, I is invertible (by Theorem 7.3.4 (d) implies
(@)). O

§7.3.2  Class Group and Elliptic Curves
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(2] Definition 7.3.7 (Class group).

Let A be a Dedekind domain. Then, the invertible fractional ideals forms the group Z4 (the
inverse exist because of Theorem 7.3.6). Then, the class group is defined as

Za

ClA = .
{principal fractional ideals of A}

~ Example 7.3.8.

« Any PID has a trivial class group.

« When Og is an integral closure of Z inside some field extension of Q, the key result in
algebraic number theory is that Cl Ok is finite. Proving this require understanding the
lattice structure of Ok, which is beyond the scope of these notes.

The class number # Cl O measures how far away O is from a UFD.

« If A be an integral closure of C[z] in a finite extension of C(z) (thus getting a ring corre-
sponding to a smooth curve), then there exists a number g, called the genus of the curve
Spec A, such that

ClA ~ CY/A,

where A ~ 729 is a lattice embedded in C9. The proof of this is far beyond the scope of
these notes.

Let’s sketch how class group works in a specific case of elliptic curves. (We will not fully justify
everything). Consider the ring
Clz, y]

A:
(y2 — 23 —ax —0b)’

where 23 + az + b is a cubic polynomial with distinct roots (i.e., 4a3 + 27b% # 0). This ring corresponds
to elliptic curve y?> = 2% + ax + b. Note that dim A = 1 by Theorem 4.5.4. By using the condition
dim(m/m?) = 1 (in Theorem 7.1.4 (d)), one can check that localization A, at any maximal ideal is a
DVR, so A is a Dedekind domain.

Now, let us investigate class group. Suppose that m(, ,y = (¥ — p,y — q) is the maximal ideal
corresponding to point (p, ¢). We observe the following.

« Function x — p vanishes at two points (p, ¢) and (p, —¢). Checking valuation reveals that
(z —p) = Mg Mp,—g)-

« If points (p1, q1), (P2, g2), and (ps, g3) lie on a line ux + vy + w = 0. Then, because elliptic curve
is a cubic equation, this line must intersect the curve at only these three points. Then, checking
valuations reveal that

(usc + vy + w) = M(p1,q1) M (p2,02) M (ps.q3) -
Thus, if we consider the map

¢ : {points on elliptic curve} U {O} — Cl A
P—mp
0w (1)

Then, we get the following observations:

o If —P is the reflection of P across the z-axis, then ¢(P) + ¢(—P) = 0.
« If point P, Q, R are collinear, then ¢(P) + ¢(Q) + ¢(R) = 0.
« In particular, (P) + ¢(Q) is ¢ of the reflection of R across the z-axis.
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uxr +vy +w =20

Q
P
P
R
—P
¢(P) +o(=P) =0 $(P) +¢(Q) + ¢(R) =0
mpm_p = (x —p) mpmomp = (uz + vy + wz)

Since Cl A is generated by maximal ideals, we have shown that ¢ is surjective already. It turns out that
¢ is injective. This fact is equivalent to mp is not principal for all point P, and proving that requires
a nontrivial algebraic geometry that we will not take time to develop. (The rough idea is that if mp is
generated by (f), then f vanishes at only point P, and we can show that it induces an isomorphism

from C|z] to A).

The important consequence of this is that by simply writing ¢(P) as P, we get the group structure
on points on elliptic curve (plus O). In particular, if P, ), R are collinear, then P + () is the reflection of
R across the z-axis. This is the elliptic curve group law, and notice that we have immediately shown
associativity of this addition process (which would require checking identities with hundreds of terms
if bashing it out directly).

This also gives hint on how to generalize to other curves. The idea is that by considering the set
of point where a polynomial in variables x and y intersect the curve, one can show that each element
in Cl A is represented by the product of at most g maximal ideals. This number g is called the genus
of a curve. Thus, instead of adding points (like elliptic curve), we can define a group law on g-tuple of
points instead. This group law is known as the Jacobian of a curve.

§7.4 Problems

Problem 7.A. Let A be the localization of C[z, y]/(y® — 2° — z) at maximal ideal (x, ).

(a) Prove that A isa DVR.
(b) What is the valuation of x in this DVR?

Problem 7.B. Let Z) = {% : a,b € Z,2 1 b} C Q. Let R = Z3)[z]/(2° + 2z + 2), which is an
integral extension of Z ).

(a) Prove that R is a DVR. (In particular, you have to show that R is a local ring first.)
(b) What is the valuation of 2 in R?

Problem 7.C. Let f € C|[z] be a polynomial. Prove that C[z,y]/(y? — f(z)) is a Dedekind domain if
and only if all roots of f are distinct.

Problem 7.D. Let A be a Dedekind domain and I and J be fractional ideals. Prove that

@ IeoJ~AdlJ
(b) I®aJ~1J.

This generalizes Problem 2.B. (Hint: localize. See Section 3.4.)
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Problem 7.E. Let A be a Dedekind domain and I be a nonzero ideal.

(a) Prove that every ideal of A/ is principal.
(b) Prove that I is generated by two elements.
Problem 7.F (2-torsion points of elliptic curves). Let a1, aa, a3 be distinct complex numbers, and let

Clz, y]

A - -a@—a)

which is a Dedekind domain by Problem 7.C. Prove that the maximal ideal m; = (y,z — «;) for j =
1,2, 3 all have order two in the class group Cl A.

(Hint: to show that m; is not principal, begin by assuming m; = (f(z, y)) and notice that f(z, —y)
is also a generator of m;.)

Problem 7.G (Modules over Dedekind Domain). In this problem, we will generalize PID structure
theorem (Theorem 2.1.2) to arbitrary an Dedekind domain. You will find Problem 2.F and Section 3.4
helpful.

Let A be a Dedekind Domain and M be an A-module. An element m € M is a torsion if there
exists a nonzero element a € A such that am = 0. M is said to be torsion if every element is a torsion
and M is said to be torsion-free if the only torsion element of M is 0.

(a) Prove that any finitely-generated torsion A-module is a direct sum of modules of the form A/ (p°®),
where p is a prime of Aand e > 1.

(Hint: reduce to the case where A is a DVR by showing that M = P, M [p*°], where M [p>] =
{m € M : there exists n and a € p" such that am = 0}.)

(b) Prove that any finitely-generated torsion-free A-module is isomorphic to a direct sum of ideals.
Thus, Problem 7.D concludes that every torsion-free A-module must be of the form A= T
for some r > 1 and fractional ideal I.

(Hint: let K = Frac A and view M as a submodule of a K-vector space M ® 4 K.)

(c) Let Miys be the submodule of torsion elements of M. Prove that M =~ M,s® M /Miors. Conclude
that any finitely-generated A-module must be of the form

Afpfr @@ Afpgr @ APV @,
where p; is a prime of A, e; > 0,7 > 0, and [ is an ideal of A.

Problem 7.H. What about infinitely-generated modules over Dedekind domains? Let A be a Dedekind
domain.

(a) (Eilenberg Swindle) Let I be a fractional ideal. By simplifying
Ieltelelte...
in two ways, show that ABRo @y [ ~ Ao,

(b) Prove that for any infinite set 7" and all collections of fractional ideals (I;);cr and (J;);er, the
direct sums €, I; and €, J; are isomorphic.

(c) Prove that any projective A-module that is not finitely-generated must be free.
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8 Completion

This chapter discusses completion, which is a construction that attach a power series to a ring. Roughly
speaking, if A is a ring and A, is a local ring at prime ideal p, then the completion A, is a ring that
zooms in closer at p.

As a motivating example, consider

__ Clz.y] _ _Clzyl
e T

These rings correspond to nodal curves > = x®+22 and y? = 2. In particular, the open neighborhoods
around (0, 0) of both curves look like segments with slope 1 and —1.

Spec S

Spec R

Localization carries a lot more detail than the slope of these two lines. For example, the localization of
R and S at maximal ideal (, y) (the one corresponding to point (0, 0)) are not the same. In particular,
since R is a domain, the localization of R at (0,0) is still a domain. In contrast, localization of S at
(0,0) is not a domain. A geometric intuition for this is localization of R still carries the whole curve.

In contrast, completion is a more brutal version of localization that only keeps information in a very
close range. We will later see that the completion of R and S at maximal ideal (0, 0) are isomorphic!
Completion thus loses some information. However, it also allows us to make sense of the notion that
two rings are analytically the same. This allows us to also simplify the study of rings by first studying
its completion first.

§8.1 Construction

§8.1.1 Inverse Limit

For simplicity, we define inverse limit on a sequence of group, which is sufficient for us. (Similar to
direct limit, it’s possible to generalize this to index by direct sets, or even small category.)
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[ Definition 8.1.1 (Inverse limit).

An inverse system is a sequence of groups (A ),>0 with homomorphisms 6,41 : Ap41 —
A,,. For any inverse system, we can define an inverse limit

@An = {(an)nzo tap € An70n+1(an+1) - a'n}-

The sequences (a,,) above are called coherent sequences.

~ Example 8.1.2 (Formal series ring).

Let A be aring and ideal a C A. Then, we have an inverse system
ADada*Da®*D....
A special case of this is the inverse system
Ctlo@t) > > () >....
In this case, we have

@(t") = {(by) : by, € C[t]/(t"),bp41 = b, (mod t”“)} ~ C[[t]
In particular, ¢o + ¢1t + cot? + ... maps to

(Co, co +cit,co + it + CQtQ, e )

One needs to check that this respect ring structure, but it is indeed correct.

~ Example 8.1.3 (p-adic number).

Consider an inverse system
Z>@>E)2>®)>....
Then, the inverse limit is
I&H(p") =Zy={coteptcp’+...,c;€{0,1,...,p—1}}.

The ring structure of this is different from Z[[t]]: there is a carry in modulo p.

The above two examples are a special case of the following construction.

El Definition 8.1.4 (I-adic completion).

For any ring A and ideal I, the I-adic completion is

A=limA/I"

n>0

(so each element is a sequence of (x mod I,z mod I2,...)). Often, I is a maximal ideal.

It’s natural to ask whether inverse limit preserves exactness or not. The following lemma gives the
answer.
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~ Lemma 8.1.5 (Inverse limit preserves exactness).
Suppose that we have a short exact sequence of inverse systems

0 — (An)nz0 -5 (Bu)nzo ~ (Cu)nso — 0,

i.e., the commutative diagram with exact rows

0 An fn " 9n Cn 0
e e e
0 An—l fno Bn—l % Cn—l — 0

(a) We have the left exact sequence

0— @An — @Bn — @C,L.

(b) If 9;? : A, — A, _1 is surjective for all n, then we have the exact sequence

O—>1'£1An—>l'&n3n—>l'£10n—>0.
n n n

» Proof.  (a) Let A =[], Ay, and define the map
' A=A
(Clo, ai, ... ) — (an - 971?+1(an+1))n20-

Define B, C, dZ, and d€ similarly. Then, @n> 0 A,, = Kerd#, and similarly for B and C.

Moreover, we have the commutative diagram

0 A-—L,sB_2,C 0
a4 ldB ldc
0 AT ,B_%,C 0

Thus, Snake Lemma (Lemma 2.3.5) gives the exact sequence
0 — Kerd* — Kerd? — Kerd® — Cokerd”,
which gives the desired left exactness.

(b) From above, we have to show that d* is surjective (so Cokerd® = 0). To do that, suppose
(bo,b1,...,b,) € A. We need to find (ag,ay,-..) such that a,, — 97‘?+1(an+1) = b, for all n.
Begin by choosing a arbitrarily. Then, since 6 is surjective for all n, we can select a; so that
ap — 07" (a1) = by, select ay such that a; — 05 (az) = by, and so on. O

§8.1.2 Completion with respect to Filtration

Let A be a ring, and M be an A-Module.
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El Definition 8.1.6 (Filtration and completion).

A filtration of M by submodules is a sequence M D Fy D Fy D .... Then, the completion
of M with respect to this filtration is

M = 1im M/F,,

which is an inverse limit of the inverse system

.— M/F3; — M/F, — M/F;, — 0.

Each element of M is a sequence f = (f1, fa,...), where f; € M/F;, and the image of f;; onto
M/ F; is equal to f; (i.e., they are consistent).

Different filtrations can result in the same completion.

] Definition 8.1.7 (Bounded difference filtration).

Two filtrations (F),),>0 and (G, )n>0 have bounded difference if and only if there exists ¢
such that F, 1. C G,, and G, . C F,, foralln > 0.

~ Proposition 8.1.8 (Bounded difference filtrations gives the same completion).

If (F),)n>0 and (Gp)n>0 are two filtrations with bounded difference, then they result in the
same completion

lim M/ F,, = Jim M/G,.

n

» Proof. Given (f1, fa,...) € LM/Fn, we map it to element (g1, ga,...) € LM/G by letting

gn be the image of f, . through the quotient projection M/F,, . — M/G,,. 'Ihe inverse map can be
constructed similarly, and it is easy to see that they are inverses. O

A key example of completion is consider an ideal I C A and the I-adic filtration A D I D I? D
I? O .... An analogue of this for a module is the following.

[£] Definition 8.1.9 (Filtrations related to ideal I).

+ The I-adic filtration is the filtration
M>IMD>IPM>....
In particular, the I-adic completion of M, often denoted M is

M = lim M/I"M
H
n>0

« An I-filtration on M is a filtration (F}, ), >0 such that I F,, C F), 4+, for all n.

« A stable I-filtration is a filtration (F,),,>o such that I'F,, = F,,1; for all n.

In fact, stable I-filtrations are not much different from the I-adic filtration. We have the following

lemma.
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~ Lemma 8.1.10.

Any stable [-filtration (F},),>0 on M has bounded difference from /-adic filtration I D I D
., thus inducing the same completion as the I-adic completion.

» Proof. For one direction, note that I F,,_; C F),, so we have I" C I"'F c I"2%F, C --- C
IF, 1 C F,,soI"™ C F,, proving one direction.

For the other direction, pick c such that I kp, = F.,, for all n. This gives F}, . C I", done. O]

§8.2 Hensel's Lemma

Completion allows us to solve many algebraic expression / equation that we cannot do in normal ring.
For example, identities like

1 2
—=14z+x°+...
1—2x

\/m_1+2x—§x +—x— Z(UQ)

were not valid in a normal polynomial ring, but they are valid once you extend to infinite series (i.e.,
take completion). There is a very general process of solving polynomial equation in the completed ring,
called Hensel’s lemma.

~ Theorem 8.2.1 (Hensel's Lemma).

Let A be aring, and let I C A be an ideal. Let f(z) € A[x]. Suppose we have @ € A/I such
that

« f(@)=0in A/T and
« f'(@) is invertible A/I.

Then, there exists unique o € A such that fla) =0and a =a (mod I).

» Proof. Let a = ay. It suffices to find a unique a,, € A/I" such that

« Uy =an_1 (mod I"71).

. flan) =0¢€ A/I™

The sequence ay, as, ... definesa € A = @A/I”. We have f(a) = 0 since f(a,) = 0 for all n.
We prove this by induction on n. Pick b € A/I"*! such that b = a,, (mod I™). Then, for ¢ €
I /1"t we have
fb+¢e) = f(b) +ef'(b) € A/T"!

because all the £? terms got canceled out. Then, since f’(a) is invertible in A/I, we have f’(b) is
invertible in A/I, so there exists t € A such that f/(b)t =1 (mod I).

Thus, we have f(b+ ¢) = 0 if and only if ¢ = —f(b)¢, so this gives unique a,+1 = b + ¢. The
uniqueness of a1, ag, . .. gives the uniqueness of a. O

~ Example 8.2.2 (Taylor expansion of v/1 + ).

Let A= Clz], I = (z),and f(t) = t>* — (1 + z) € A[t]. Then,
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- f(1)=—x €L
o fi(t)=2t— (14 x),s0 f’'(1) =2— (14+2) = 1 — z, which reduces to 1 € A/I, which

is invertible.

Thus, Hensel’s lemma gives that there exists a such thata = 1 (mod z) and a® = 1+ x. Define
v 1+ x := a. More concretely, the first few terms of /1 + z is

1 1 3
\/1+x:1+§x—§x2+1—6x3—....

We now revisit the nodal curves in the introduction of this chapter. Consider

R= (%)(M) and 5 = (%)(u,ﬁ

which are the rings of the curves y?> = 2® + 22 and u?> = v?, localized at (0,0). One can check that
R # S. However, we claim that the (z,y)-adic completion R of R is isomorphic to the (u,v)-adic
completion S of S, and the isomorphism is given by

u=zxzvVli+z, v=y. (8.1)

To define the inverse map, one needs to solve 23 + 22 = w2 Let © = ut, so we have to solve the
equivalent equation ut® + t?> = 1. We again uses Hensel’s lemma: set f(t) = ut® + 2 — 1, and we
check that

o f(1) =wu € (u).
« f'(1) = 3u + 2, which is invertible in S/ (u).

Hence, Hensel’s lemma gives that there exists t = 1 (mod u) such that ut® + > = 1. More concretely,
the first few terms of ¢ is

1 )
t=1—§u+§u2—u3—...

There is no closed form of the coefficients, but Hensel’s lemma guarantees that you can compute as
many terms as you want. Finally, the inverse map is desired by

1 5
x:u—§u2+§u3—u4—..., Y=, (8.2)

and we leave the reader to check that (8.1) and (8.2) define an isomorphism between Rand S.

§8.3 Artin-Rees Lemma

We now begin proving nice properties of completion. To do that, Artin-Rees lemma is a powerful tool.

§8.3.1 Statement

Next, given a module M with [-adic filtration. For any submodule M’ C M, there are two natural
choices of filtrations.

« the I-adic filtration of M’ and

« the induced subspace filtration F), = M N F,,.

These two filtrations are very different. If A = Z, I = (p), then the I-adic filtration of Q is a stupid
Q> Q>D...,sopassing this to Z gives Z D Z D .... On the other hand, the I-adic filtration on Z is
Z > (p) D (p?) D ..., so these are very different.

The natural question is when are these filtrations the same. It turns out that if A is Noetherian and
M is finitely generated, then they are the same!
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- Theorem 8.3.1 (Artin-Rees Lemma).

Let A be a Noetherian ring, I C A be an ideal, and M be a finitely-generated A-module. Let
M D Fy D Fy D ... be a stable I-adic filtration. Then, for any submodule M’ C M, the
filtration F), = M' N F,, is stable I-adic filtration too!

§8.3.2  Proof

Proving this theorem requires a quick digression to graded rings.

£l Definition 8.3.2 (Graded ring and graded modules).

A ring is a graded ring if and only if it can be written as

Ay = @An

such that A, - A; C A,y forall r;s. We also let A, = @n21 A,, be an ideal.

A graded Ag,-module is a direct sum

NﬂZZGE)AL“
n=0
such that A;M; C M, ; forall4,j > 0.
An example of graded ring is C[z] =Ca& Cx ¢ Ca? & ...
~ Lemma 8.3.3 (Condition for graded rings to be Noetherian).
The following are equivalent.

(a) A, is Noetherian

(b) Ag is Noetherian and A, is a finitely-generated algebra.

» Proof. (<) Note that Ag[z1,...,z,] is Noetherian by Hilbert Basis theorem (Theorem 5.2.3). Thus,
A,, which is a quotient of Ag[z1,...,z,] is Noetherian.

(=) We have Ay = A,/A. so it is Noetherian. As an ideal, we have Ay = (z1,..., 2y ). Then,

21, ..., 2m generates A, as Ag-algebra (ie, Ao[z1,...,2m] = As). O

Next, we will do the following clever construction. For any ring A, we construct the blowup alge-
bra (also known as Rees algebra)

BLA=PI" c HA=A[.
n>0 n>0

This is a graded ring because [™[™ C ["T™,
Observe that if A is Noetherian, then by Lemma 8.3.3, we get Bl; A is Noetherian.
Now, given a finitely-generated module M and an I-filtration (F}, ), >0, define the blowup module

Blp M = @Fn
n>0

Therefore, Blp M is a graded Bl; A-module.
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~ Lemma 8.3.4.

(F,) is a stable I-filtration if and only if Bl M is a finitely-generated Bl; A-module.

» Proof. Observe the following.

(i) M@ F, &--- & F, is a finitely-generated A-submodule of Blp M.

(ii) Therefore, if
M'=MoF & - &F,®IF,&I’F,®... C Blp M,

the submodule generated by M & Fy @ --- @ F,, then M" is finitely-generated Bl; A-module.

(iii) We have an infinite ascending chain

My C My C--- CBlp M.
We are now ready to finish the proof. Each of the following is equivalent to the next.

« Blp M is finitely-generated Bl; A-module.

« Blp M = M for some n (follows from (ii) and (iii)).

c Do Fr=Mao R ®&---aF,®IF,®I?F,®... for somen.

« There exists k such that F, = I*F,, for all k.

« The filter (F,) is stable. O
Finally, we prove Artin-Rees Lemma.

» Proof of Artin-Rees Lemma (Theorem 8.3.1). Consider the blowup module of M’

Blp M = @(Fn NM') C Blp M.
n>0

Since F' is stable, we have by the previous Lemma 8.3.4 Blp M is finitely-generated. Since Bl; A is
Noetherian, by Proposition 5.1.3, Blg M’ is finitely-generated. Thus, F,, N M’ is stable! O

68.4 Properties of Completion

We now prove various properties of completion.

68.4.1 Exactness

~/ Theorem 8.4.1 (Exactness of I-adic completion).

Let A be a Noetherian ring, I be an ideal, and we have a short exact sequence of A-module
0— M —N—P—0.

If N is finitely-generated, then the I-adic completions form an exact sequence

0—>]\A/[—>JV—>]3—>O.

» Proof. View M as a submodule of V. Then, we have a commutative diagram with exact rows
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0 —— MNI*N I*N I*p 0
l [
0 M N P 0

We apply Snake lemma (Lemma 2.3.5). Reading from Ker(I*P — P) onwards, we get the exact se-

quence
0— M/(MNI*N) — N/I*"N — P/T*P — 0.

The inverse limit of N/I¥N and P/I*P are N and P. By Artin-Rees lemma (Theorem 8.3.1), the

inverse limit of M /(M N I*N) is M. Hence, by taking inverse limit of the above sequence and using
Lemma 8.1.5, we get the desired exact sequence

O—>J/\4\—>JV—>I3—>O. ]

§8.4.2  Flatness

- Theorem 8.4.2 (Flatness of I-adic completion).
Let A be a Noetherian ring and I be an ideal.

(a) If M is finitely-generated, then A® AM~ M.

(b) Ais a flat A-module.

! Warning 8.4.3.

For any modules M, N, P, the sequence
O—>A\®AM—>A\®AN—>A\®AP—>O

is always exact.

In contrast, the sequence
0— M W N-—P -0

is not always exact, specifically when N is not finitely-generated. For example, if A = Z,
I = (p), M = Z, viewed as a submodule of N = Q, then N = 0, so the sequence is definitely
not exact.

» Proof.  (a) We note that there is a natural map
NM - A R4 M — M
arising from the obvious bilinear map AxM — J\/Zby sending (ag, a1, ...)andmto (agm,arm,...)

where a,, € A/I" and so a,m € M/I"M.

We claim that 7, is an isomorphism for all finitely-generated M. This is obvious when M =
A®", We are going to reduce to this case.

To do that, we claim that there exists a right exact sequence
B a
G—F—M-—0

such that F' and G are free and finitely-generated. To find this, take any surjective map F' — M
(exists since M is finitely-generated). Then, by Proposition 5.1.3, the kernel of this map is finitely-
generated, and so one can find a surjective map from a free module G to this kernel, giving the
desired map.

Thus, we have the following commutative diagram. The rows are exact by Theorem 2.5.6 and
Theorem 8.4.1.
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X@AGLA\®AFLA\®AM*>O

nGJ,N UFJ,N lnM

~ ~ o~

F ° M 0

~

G

=

If you know Five lemma (see e.g., [AK13, (5.23)]), then the conclusion is immediate. If not, then
it is still a straightforward diagram chase.

- Surjectivity. Note that 757 o o, = @ o g. The right hand side is surjective since & and g
are surjective, so is the left hand side. Hence, 7, is surjective.

« Injectivity. Suppose that m € A © 4 M satisfies 1 (m) = 0.

g B [ X em 0
Iﬁc I”F Lﬂvf
g £ f N 0+ 0

— Since a, is surjective, find f € A ®4 F such that a, (f) = m.

Since f = np(f) € Ker @, so by exactness, there exists § € G such that B(g) =f.
— Since 7¢ is surjective, there exists g € A ®4 G such that na(g) = §.

Thus, B.(g) = f,so f € Im B, so f € Ker a,, implying that m = a..(f) = 0.
This complete the proof.

(b) Suppose that we have a map ¢ : M — N is injective. We have to show that the induced map
Oy - A QM — A ® N is injective. If we had that M and NV are finitely-generated, we would be
done by combining (a) and exactness of completion (Theorem 8.4.1). However, we do not, so we
need to do a little more work.

Suppose that 0 # > | a; @m,; € Ker ¢, where a; € Aandm; € M. Let M’ be the submodule
of M generated by my, ..., m,, and let N/ = ¢(M’), which is clearly finitely-generated. Then,
the restriction ¢ : M’ — N’ is injective, but the induced map on tensor ¢, : A @4 M —
A® 4 N’ has element )" | a; ® m; in the kernel, hence not injective. This contradicts the
previous paragraph. O

We note the following useful corollary.
~ Corollary 8.4.4.

Let A be Noetherian and I, J be ideals. Let A be the I-adic completion.

~

@) J = JA.

(b) Jm = ()™

(c) A/I™ ~ A / I (In particular, taking inverse limit shows that EA =A4)
(d) [7/[7 = Tn /o1,

(Notation: J A denotes ideal extension, while J denote I-adic completion of J as A-module.)

» Proof. (a) The exact sequence of A-module

0—J—A—A/J—0
gives an exact sequence of A-module
0—J—A— Z/\J — 0.

Thus, the third factor is A / J. However, ZZ] ~ AR, A /J = 2/ JA, giving the result.
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(b) From (a), we have Jn = JnA = (Jg)”

(c) Note that A//?L = A/I"™ because the inverse limit diagram stabilizes at A/I". However, by
exactness, A/I" = A/(I)" = E/ﬁ, implying that A/I"™ = /T/ﬁ,

(d) From (c), we getthat A/I™ = A\/ﬁ and A/I"F! = 121\/.7/”ﬁ Taking quotient yields the result. [
Finally, we note that completion of local ring is a local ring.

- Proposition 8.4.5 (Completion of local ring is local).

Let A be Noetherian local ring with maximal ideal m. Then, the m-adic completion Alis alocal
ring with maximal ideal m.

» Proof. Note that A/m = A/, so f is a maximal ideal. Now, for any = € @, we have (1 + z)~! =
1—xz+a2%—..., converging in A, so 1+ x is a unit. This implies that m is the only maximal ideal. []

68.4.3 Associated Graded Ring and Noetherianess
We will prove the following.

~ Theorem 8.4.6 (Completion of Noetherian ring is Noetherian).

If A is Noetherian, then the I-adic completion A is Noetherian.

This theorem would be easy if all ideals of A comes from extension of A. However, this is not true
because there are way more ideals generated by power series. Thus, we need to do some trick. The plan
of the proof is the following.

(i) Prove that if A is Noetherian, then the formal series ring in k variables A[[z1, . .., x}]] is Noethe-
rian.
(i) Prove that A is a quotient of A[[z1, . .., x;]] for some k.

Clearly, the theorem would follows from (i) and (ii). Part (i) was left as Problem 5.D, and the proof is
basically imitating the proof of Hilbert Basis Theorem (Theorem 5.2.3). We thus focus on showing (ii).
More precisely, we will prove the following lemma.

~ Proposition 8.4.7.
If I is finitely-generated, then A is a quotient of A[[z1, ..., x;]] for some k > 0.
To prove this, we introduce a useful construction that will help us in the next chapter as well.

] Definition 8.4.8 (Associated Graded Ring).

If I is an ideal of A, then the associated graded ring is the graded ring

gry A= @I”/I”H.

n>0

For any module M and I-filtration F;,, we define the associated graded module

grp M =D F./Foi1.

n>0
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Observe that gr M is a quotient of Blp M. Thus, if F' is a stable I-filtration, then by Lemma 8.3.4,
Blp M is finitely-generated, so gr; M is finitely-generated.

Now, we have the following key lemma, which will help us check when maps on completions are
injective or surjective.

~ Lemma 8.4.9.

Suppose that (F},)n>0 and (G, )n>0 are two arbitrary filtrations of abelian groups M and N.
If f: M — N be amap such that f(F,,) C Gy,. We thus have two induced maps

f:ﬂ—)ﬁ, grf:grp M — gro N

Then, if gr f is injective (resp. surjective), then finjective (resp. surjective).

» Proof. Leta, : M/F, — N/G,. We will prove by induction that «,, is injective/surjective for all n.
We have the commuting diagram with exact rows

0 — F,/Fpy1 —— M/Fyy —— M/F, —— 0

lghzf l&n+1 lan

0—— Gn/Gn+1‘44%<N/Gn+1‘4‘%4N/Gn‘4——>0

Applying Snake Lemma Lemma 2.3.5 gives the long exact sequence

0 — Ker(gr,, f) — Ker a, 41 — Ker a,, — Coker(gr,, f) — Coker o, 11 — Coker a; — 0.

If gr,, f is injective for all n, we assume the inductive hypothesis Ker(a,,) = 0. Looking at the
first few terms gives 0 — Kera,y1 — 0, so Keray, 11 = 0. This gives «,, injective for all n, SO

M/F, — N/G, is injective for all n. Since inverse limit is exact (Lemma 8.1.5), we get that M= N
is injective.

If gr f surjective, we instead assume Coker a,, = 0. Thus, Coker o, 41 is sandwiched between two
zeroes, so it is zero. Thus, M/F,, — N/G,, is surjective for all n. Again, using the fact that inverse
limit is exact (Lemma 8.1.5) gives the result. O

Finally, we prove Proposition 8.4.7.

» Proof of Proposition 8.4.7. Let I = (f1,..., fn). Define the map

¢ Alxy, ...,z > A
T = fi.

Let J = (x1,...,2x). Then, ¢(J) = I, it induces the map on .J-adic completion on left side and I-adic
completion on the right side

¢ Allzy, ..., 2] = A

We claim that gZ is surjective, which finishes the proof. To check this, by Lemma 8.4.9, it suffices to
show that the induced map

o fPryrtt g/t

n>0 n>0
is surjective.
However, note that each element in J"/J" ! is of the form f{'* ... fi* where aj + -+ + a, = n.
This is preimage of z{* ... z}", so we are done. O
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8.5 Problems

Problem 8.A. Describe the (z, y)-adic completion of C[z, y|/(y? — x3).

Problem 8.B. Let f € C[xz,y] be an irreducible polynomial, and let R = (C[z,y]/(f))(x,y)- Suppose

that at least one of (0f/0x),0) and (9 f/0y)(0,0) is nonzero. Prove that the (x, y)-adic completion R
is isomorphic to C[[¢]].

(In other words, completition of a smooth curve is isomorphic to C[[t]]. We will see a generalization
of this in Theorem 9.5.6.)

Problem 8.C. Let A be a local ring with maximal ideal m and residue field & = A/m such that A is
m-adically complete. Let f € A[z] be a monic polynomial, and let f € k[x] be its reduction modulo
m. If f = gh, where g and h are monic polynomials in relatively prime in k[z], prove that there exist

polynomials g, h € A[z] such that g =g (mod m), h = h (mod m), and f = gh.

Problem 8.D. Let Z, be the ring of p-adic integers, defined as the (p)-adic completion of Z. Let Q,, be
the fraction field of Z,,.

a) Prove that every element of Q,, is of the form p~“v where u € Z and v € Z,,.
y P P

(b) Determine all quadratic extensions of Q,, (there are finitely many of them!'). The answer is dif-
ferent for p = 2, so be careful.

Problem 8.E (Krull’s intersection theorem). Let R be a Noetherian local ring with maximal ideal m.
Krull’s intersection theorem states that (1, ., m™ = 0.

(a) What's wrong with the following proof: let I = 1, , m", which is finitely-generated. Then,
mlzmmm”: ﬂm”“z ﬂm”’z[,
n>0 n>0 n>1
so by Nakayama’s lemma, I = 0?
(b) Using Artin-Rees lemma (Theorem 8.3.1), prove Krull’s intersection theorem.

Problem 8.F. Let A be a Noetherian ring and I be an ideal in A. Let A be the I-adic completion of A.
Suppose that © € A is not a zero divisor. Prove that the image Z of x in A is also not a zero divisor in

A.

Problem 8.G. For each of the following rings R and maximal ideal m, compute gr,, R.
(@) R=Clz,y]/(y* —2° —z) and m = (,y).
(b) R = (C[Iz Y, Z]/(va IZ) and m = (I, Y, Z)

(© R=Clz,y,z1/(2* +y> +2* +1°) and m = (2,9, 2, 1).

't is a standard fact in algebraic number theory that there are finitely many degree n extension of Q.
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9 Dimension Theory

We have met the notion of dimension of a ring in Section 4.5. To reproduce the definition, recall that
for any ring R, the Krull dimension dimg,,, R is the maximum nonnegative integer n such that there
exists a chain of prime ideals

PSP Cp2C---Cp, C R

This notion of dimension is notoriously difficult to deduce its properties. For example, proving that
dim C[x1, ..., x,] = n, which we did in Section 4.5, was a nontrivial task.

To give a more robust theory of dimension, we first note that we can reduce to the study of local
ring. Since any chain of prime ideals should terminate at a maximal ideal, we deduce that

dimgen B = max  dimgey B = max dimgea Bp.
m maximal p prime

Thus, the study of dimgy,y R is reduced to the study of dimg.,; R of a local ring,.

Given a Noetherian local ring R with maximal ideal m, we will define two other types of dimensions:

+ the primary ideal dimension dimyyimary /2, which is the minimum number of generators across
all m-primary ideals;

« the Hilbert dimension dimpgpet 2, which is more complicated and will be discussed in Sec-
tion 9.2.

Then, the main theorem is dimg.u R = dimgjpert £ = dimypimary 12 for any local ring .

Before discussing dimension in more detail, let us close with the following warning.
! Warning 9.0.1.

Noetherian rings need not have finite dimension. In addition, rings with finite dimension need
not be Noetherian. Problem 9.B provides counterexamples.

§9.1 Preliminary: Length of a Module

El Definition 9.1.1 (Composition Series).

Given a ring R and R-module M, a composition series of a module M is a chain
M=My2M 2D2M;2---2M,=0

such that M}, /M., is a simple module (i.e., have no submodule other than 0 and My, /M, 1).

/7 Exercise 9.1.2. Prove that M is simple if and only if M = R/m for a maximal ideal m.
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This definition is an analogue of vector space. In particular, if R = k is a field and M ~ k", then
we have the composition series

ko ko ok o kO = {0).

However, in contrast to vector spaces, composition series of a module does not always exist. For exam-
ple, if M = R = Z, then anything in the chain must be isomorphic to Z, so we cannot get it down to

Zero.
] Definition 9.1.3 (Length).

For any module M, define the length {(M) as the minimum length of a composition of a
composition series of M. (let {(M) = oo if no finite composition series exists).

For example, we have [(C?) = d (as a C-module) and [(Z) = oo (as a Z-module).

It is not obvious that length is well-defined. Thus, we prove it.

~ Proposition 9.1.4 (Length is well-defined).

If (M) = n, then every composition series has length n, and any chain of submodules can be
extend to a composition series.

To prove this, we need the following lemma.

~ Lemma 9.1.5 (Length of a proper submodule).

IfN C Mandl(M) < oo, then I(N) < I[(M).

» Proof. Letn = I(M). Take a composition series
M=MyDM 22 M, =0.

Let N; = M; N N. Then, we have
Nog DNy D---DN,.

Then, we can see that Ny, /N1 C My /Mj41, so either Ny, /N1 = 0 or N /Ny is simple. Thus,
{N}} is a composition series after erasing equal module. Therefore, we already have that [(N) < I(M).

If I(N) = (M), then the only possibility is that we did not do the erasing in the paragraph. In
particular, we have that for each k, N /N1 = My /Mjy41. Thus, we have

Nn—l/o = Mn—l/o — Nn—l = Mn—l-
Nn72/Nn71 = Mn72/Mn71 = Npo2=M, o

which is a contradiction to N C M. O
» Proof of Proposition 9.1.4. Given any chain of length k, we have
M =DMy 2 M 2M; 22 M, =0,
then by the lemma, we have
Z(Mo) > Z(Ml) > > Z(Mk) >0,

so [(M) > k. In particular, any composition series has length > (M ). Moreover, any chain can be
extended to a composition series. O

We now prove some more properties of a length.
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~ Proposition 9.1.6 (Length behaves well under short exact sequence).

Suppose we have a short exact sequence 0 - N — M — P — 0, then [(M) = I(N) + I(P).

» Proof. By Proposition 9.1.4, given a composition series of NV and P, it suffices to find a composition
of M. To that end, suppose we have composition series

N=No2N 22N, =0
P=PD>DP D>---DF=0.

Name the map 7 : N — P. Then, we have a composition series of length k + ¢:
0OCNyCNy1C-CNo=N=rnY0)cr'PyCcr P yCc---Ca'Ph=P 0O
~ Corollary 9.1.7.
If there is a long exact sequence
0O— M — My — ... — M, —0,

then

» Proof. Break the long exact sequence into short exact sequences: Let ¢; be the map from M; — M, 1.
Then, we have the short exact sequence

0 — Ker¢; — M; — Im¢p; — 0.
Thus, by Proposition 9.1.6, we have
U(M;) = I(Im ¢;) + I(Ker ¢;) = I(Im ¢;) + {(Im ¢;—1).
Substituting this into the sum gives the desired result. O

~ Proposition 9.1.8.

M has finite length if and only if M is both Noetherian and Artinian.

» Proof. (=) Suppose My C My C ..., then [(M}) is increasing but bounded by [(M). Same goes
for descending chain.

(«<=) Define
My = M
M,y
My

maximal proper submodule of M

maximal proper submodule of M;

These exist since M is Noetherian. We get a descending chain My D M; D My D ..., so since M is
Artinian, this chain eventually terminates. O

~ Corollary 9.1.9.

Let A be an Artinian ring, then any finitely-generated A-module has finite length.
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§9.2 Hilbert's Dimension

§9.2.1  Definition

Before going into the definition, let us see some examples first.

~ Example 9.2.1 (Dimension of k[z1, . .., x,))-
Let R = k[z1,...,%p)(z,,...,z,) (localized at maximal ideal (1, ...,x,)). Then, R is a local
ring with maximal ideal m = (z1,...,7,) and R/m = k. As a k-vector space, m’/m‘*! is a

linear combinations of terms z{* - - - %" where a; + - - - + a,, = i. Thus,

dimg m'/m™ = #{(a1,...,a,) 1 a1,...,a, > 0,01 +---+a, =i}
_(it+tn-=1
"\ n-—-1 )

by the “stars and bars trick”. This is a polynomial of degree n — 1, one less than the dimension.

~ Example 9.2.2 (Artinian local ring).

On the other hand, if R is the Artinian local ring, which has dimension 0, then dimy m? / mitl
is not a polynomial. Instead, we only know (by Theorem 5.3.1) that m" = 0 for some N, so
dimg m?*/m**! = 0 for all sufficiently large .

If we regard zero polynomial as having “degree —1”, then again, dim; m*/m**! is a poly-
nomial of degree one less than the dimension.

Given a Noetherian local ring R with maximal ideal m, the above two examples lead us to consider

the sequence

{; = dimy m*/m*™t,

A sequence (¢;);>0 is said to be eventually polynomial if there is a polynomial p € R[x] such that
¢; = p(i) for all sufficiently large 7. If such p exists (which must then be unique), we say that the
sequence (¢;);>o is eventually polynomial with degree degp. For the purpose of these notes, the
degree of zero polynomial is —1.

-/ Theorem 9.2.3 (Hilbert dimension).
If R is a Noetherian local ring with maximal ideal m, then the Hilbert-Samuel function
l; = dimp/pm m*/m"**

is eventually polynomial.

If it is eventually polynomial with degree d, then we define the Hilbert dimension

diInHilbert R:=d+1.

We will prove this theorem in a greater generality (that we will need later) in the next section.

§9.2.2  Proof of Polynomiality
» Setup Let S = Sy ® S1 @ ... be agraded ring such that
« Sg is Artinian.
+ S, is generated (as an Sp-algebra) by finitely many elements in .S;.
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Let My = My & M; & ... be a finitely-generated S,-module. This implies that, for each 4, M; is
finitely-generated Sp-module, hence has finite length (by Corollary 9.1.9).

» Main Theorem Now, we state the main theorem.
~/ Theorem 9.2.4 (Hilbert-Serre).

Assuming the above setup, the sequence
&- = ZSO (Mz)

is eventually polynomial. (The subscript in /g, means the length as Sp-module.)

Furthermore, if S, is generated by m elements in S, then it is eventually polynomial of
degree at most m — 1.

To deduce Theorem 9.2.3 from Theorem 9.2.4, we plug in the associated graded ring (Defini-
tion 8.4.8)

Se =M, =gr, R= @mi/m”l,

i>0

and clearly the generators of m, which sits in m/ m2, are sufficient to generate m? / mit! for all 4, so S,
is finitely-generated at degree 1.

(As a consequence, we get that the Hilbert dimension is at most the minimum number of generators
of m. Soon, we will prove a stronger result replacing m with any m-primary ideal, which will play a
key role in proving dimension theorem.)

» Proof. We first note the following elementary fact: if ¢ > 0 is an integer such that the sequence
0, = ;11 — {; is eventually polynomial with degree d, then the sequence ¢; is eventually polynomial
with degree d + 1. (This follows from “finite difference”.)

We use induction on m, the number of generators. The base case m = 0 is clear because then, M,
is finitely-generated Sp-module, so M,, = 0 for all large n. Thus, ¢; is eventually a zero polynomial,
which has degree —1.

Now, assume that the result is known for m — 1. Let = be one of the generators, and define
K; =Ker(M; % M;y1) and Liyy = M1 /aM;,
so that we have the exact sequence
0 — K; — M; =% My, — Liy1 — 0,
which gives (by Corollary 9.1.7)
sy (K;) — lgy (M;) + gy (Miq) — s, (L;) = 0.

Note that K, and L, are graded S, /(z)-module. Note that S;/(z) is generated by other m — 1 gen-
erators, so by induction hypothesis, I, (K,) and lg,(Ls) is eventually polynomial of degree at most
m — 2. Thus, lg,(M; 1) — lg,(M;) = lg,(L;) — ls, (K;) is eventually polynomial of degree at most
m — 2. The elementary fact at the beginning concludes. O

We note the following useful fact.

~ Proposition 9.2.5 (Alternative definition of dimyjpert)-
If @ is an ideal of R, then the following are equivalent:

@) 4 =lr)o(Q"/Q"?) is eventually polynomial of degree d.
(b) pi = lr/o(R/Q") is eventually polynomial of degree d + 1.
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» Proof. The exact sequence
0—Q/Q"" — R/Q™ — R/Q" — 0

gives 4 4 . 4
lriQ(R/Q™) = lrio(R/QY) = L(Q™/QY),
s0 p; — pi+1 = ¥;, which implies the result by finite difference. O

By plugging in ) = m, the Hilbert dimension can also be defined as the degree of [(R/m?).

§9.3 Primary Ideal Dimension and Dimension Theorem

§9.3.1 Primary Ideal Dimension
We make the third definition of dimension:

El Definition 9.3.1 (Primary ideal dimension).

For any local ring R with maximal ideal m, we define the primary ideal dimension, denoted
dimprimary 12, to be the minimum nonnegative integer s for which there exists an m-primary
ideal @) generated by < s elements.

~ Example 9.3.2 (Examples of primary ideal dimension).

« Consider R = Cl[x1,...,%n](a,,... 2,)» Which is a local ring with maximal ideal m =
(x1,...,xy). Theideal m is m-primary and has n generators, so we get that dimyimary R <
n.

« Let R be an Artinian local ring with maximal ideal m. By Theorem 5.3.1, m"¥ = (0) for
some NV, so (0) is m-primary, which needs 0 generators, so dimpimary R = 0.

+ Consider
Clz, yl(z,)

(zy)
which is a local ring with maximal ideal m = (z,y). This ideal is generated by two
elements. However, Q = (x + y) is m-primary because 22 = z(z +y) € Q and y? =
y(x + 1) € Q, so v/Q = m, so by Proposition 6.2.4, () is m-primary.

In particular, this implies that dimpimary 2 < 1, and it is not enough to count the number
of generators of m.

R:

Notice that dimprimary is easier to provide an upper bound. In contrast, dimgy,y is easier to
provide a lower bound.

There is no surprise that the main theorem that we will prove is the following.
-/ Theorem 9.3.3 (Dimension Theorem).
For any Noetherian local ring R, we have
dimgra R = dimpipers B = diMprimary 1.

Hence, we can safely call them all dim R.

Proving this will occupy the rest of this subsection. We will show a chain of inequalities

_ o @ ®
dlmprimary R > dlmHilbert R > dll’nKlrull R > dlmprimary R.
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Section 9.3.2 will prove (1), Section 9.3.3 will prove (2), and Section 9.3.4 will prove (3). Each inequality
takes some amount of work.

For the rest of this section, R is a Noetherian local ring, m is the maximal ideal, and k = R/m is
the residue field.

§9.3.2 The Primary Ideal Dimension is at least the Hilbert Dimension

We prove dimyrimary 2 > dimpipert /2. In plain terms, given a primary ideal () with m generators, we
have to show that dimj m‘*! /m’ is eventually polynomial of degree at most m — 1.

The strategy for this is to apply Theorem 9.2.4 to graded modules related to @), and show that the
length sequence must be within constant factor of dimy m**! /m?. This will show that the degrees are
equal, and will provide a degree upper bound of dimy, m**! /m’.

To do that, we let M and R be the associated graded ring corresponding to the (-adic filtration

M=S=gro(R)=EPQ/Q",

i>0
We check the hypothesis of Theorem 9.2.4.
« So = R/Q is Artinian because Theorem 5.3.1 (condition (c)) applies.
« S is clearly generated in degree 1 by the m generators of Q).

Thus, by Theorem 9.2.4, the sequence [/ (Q"/Q"™") is eventually polynomial with degree d < m —1.

Now, let d’ be the degree of dimj m**! /m’. We claim that d = d’, which will finish the proof. To
do this, observe the following.

« By Proposition 9.2.5, [ (R/Q") is eventually polynomial with degree d + 1.
« By Proposition 9.2.5 again, [/ (R/m") is eventually polynomial with degree d’ + 1.

» Since R is Noetherian and /() = m, we get that () O m® for some c. This implies that there is a
chain of two surjections

R/m“ — R/Q" —» R/m’,

which gives

lR/m(R/mCZ) > lR/m(R/QZ) > lR/m(R/ml)'
Thus, as i — 00, lg/m(R/Q"), a polynomial of degree d+1, is squeezed between two polynomials
of degree d’ + 1. Hence,d+1=d' + 1,s0d =d'.

Hence, the degree of dimy, mi“/mi isd < m — 1, so dimygjpert B < m.

89.3.3 The Hilbert Dimension is at least the Krull Dimension

In this section, we show that dimgjpert R > dimgg, R. The idea is to slice by a non-zero divisor f € m
(ie., replace R with R/(f)). We show that the slicing must decrease the Hilbert dimension by at least
1, but it decreases the Krull dimension by at most 1. This will allow us to use induction.

~ Lemma 9.3.4 (Slicing decreases Hilbert dimension).
Let R be a Noetherian local ring with maximal ideal m. Let f € m that is not a zero divisor.

Then,
dimHilbert R/(f) S dimHilbert R—1.

=127 -



128 9.3. Primary Ideal Dimension and Dimension Theorem

» Proof. Let k = R/mand R’ = R/(f). Consider the short exact sequence

() R, R

_>m@ﬂ(f) T i méR/!

where the first map is embedding (f) into R and the second map comes from quotient projection
R — R'. Taking dimensions gives

dimy, (R’/miR’) = dimk(R/mi) — dimy, ((f)({;)ml) .

By Artin-Rees Lemma (Theorem 8.3.1), the filtration (f) Nm? is m-stable. This implies that there exists a
constant ¢ for which (f)Nm® = fm*< for all sufficiently large 4. This implies (f)/((f)Nm’) ~ R/mi*¢
as R-module for all sufficiently large i. Therefore,

dimy (R /m'R’) = dimg(R/m") — dimy (R/m"™¢),
which is indeed a polynomial of degree at most dimpgpers B — 1. O]

We now proceed to prove the second part of the theorem.

» Proof of dimyjjperr R > dimy,y R. We will do induction on dimgyjpert R.

If dimyippers R = 0, then [(R/m™) is constant for sufficiently large n. In particular, we have m" =
m"tl = m"*2 = | so by Nakayama (Corollary 2.2.5), we get that m" = 0, so condition (d) of
Theorem 5.3.1 applies. Hence, R is Artinian, so dimg,,; R = 0.

Otherwise, assume dimgyjpet 2 > 0, then consider the chain of prime ideals

Po Cp1 C--- Chs,

and we want to show that dimgpert £ > s.

The first thing we will do is to mod out by py. In particular, note that

; R : .
UR/m") =1 ( n/1§0> = dimgipert B > dimpiper 2/Po-

Therefore, by replacing R with R/pg, we can assume py = (0) and R is a domain.

The point of above is to make it easier to find a non-zero divisor for the lemma. In particular, for
any f € p1 \ {0}, f is not a zero divisor. Now, we all we need is to cut the chain down to R/(f). We
setp, = p;/(f), so that

P1Chy Cor Ch CR/(S),
so we geta chain of length s—1in R/ f. In particular, the induction hypothesis implies dimpgpert B/ (f) >

s — 1. Hence,
dimHilbert R Z dimHilbert R/(f) + 1= S,

so we are done. O

§9.3.4 The Krull Dimension is at least the Primary Ideal Dimension

Finally, we prove the last inequality that dimg.u R > dimprimary /2. In plain language, we have to find
an m-primary ideal generated by at most dimg,,; R elements. To do that, we use induction on the new
measure of complexity of ideals, called height.

£l Definition 9.3.5 (Height).
For any ring R, the height (also known as the codimension) of a prime ideal p, denoted ht p

is the maximum length of a chain of primes pg C p1 C -+ C p,, = p ending at p. In other
words, ht p = dim R,,.
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The height of an ideal [ is defined as

htI = min htp.
prime p DT

We have the following easy properties of heights.

~ Proposition 9.3.6 (Basic properties of height).

If R is a local ring with maximal ideal m, then we have the following.

(@ htp +dim R/p < dim R.
(b) ht I = 0 if and only if I is contained in a minimal prime of R.

(c) ht I = dim R if and only if v/T = m.

» Proof. (a) By correspondence theorem, a chain in R/p corresponds to a chain in R containing p,
so we can stick the chain of R/p with the chain in ht p to get a chain of R, which must have
length at most dim R.

(b) ht I = 0 if and only if there is a prime p such that htp = 0. This prime p must be a minimal
prime, so [ is contained in a minimal prime of R.

(c) We note that if ht I = dim R, then for any p D I, we have the chain p = Pgim r D Pdim R—1 2
-+ D Py, so p is actually a maximal ideal. There is only one maximal ideal in I, so it implies that
p=m,sovI=m. O

» Proof of dimyyyy R > dimyimary IR Let d = dimgyn [2. We need to find an m-primary ideal generated
by < d elements. The key claim is the following: “for each i < d, there exists 1, %3, ..., x; € m such
that ht((z1,...,2;)) >

This key claim implies the theorem because we can find x4, ..., Z4im r satisfying the condition.
Then, Q = (1, ..., Zdim r) is Mm-primary by Proposition 9.3.6 (c), implying that dimpimary R < d.

To prove the key claim, we find z1,...,x; inductively. Assume that we have x1,...,2;_1 such
that ht(xzy,...,2;-1) > 4 — 1. Let py,...,p, be minimal primes over (z1,...,x;—1) (i.e., minimal
among ones containing (z1,...,2;_1)); there are finitely many because Corollary 5.2.12 applied on
R/(x1,...,2;—1). These primes have height at most i — 1 < d — 1, so they are not equal to m. In
particular, m # p; for all j, so by prime avoidance, Problem 1.E, we have m # U;:l p;.

Therefore, pick z; € m such that ; ¢ |Jp; for all j. Then, for any prime q D (z1,...,Zi—1,%;),
we have ht(q) > ¢ — 1, but q # p1,...,p., so ht(q) > 4. O

§9.4 Consequences of Dimension Theorem

We now harvest some consequences of the dimension theorem.

§9.4.1 Dimension of Local Rings
First, although dimension of Noetherian rings need not be finite, we note the following clear corollary.

~/ Corollary 9.4.1.

If R is Noetherian local ring, then dim R is finite.

» Proof. Clear from either Hilbert dimension or primary ideal dimension. O
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~ Proposition 9.4.2 (Slicing by f).

If R is a Noetherian local ring with maximal ideal m and f € m is not a zero divisor, then

dimR/(f) =dimR — 1

» Proof. We showed the upper bound dim R/(f) < dim R — 1 over the course of proving dimension
theorem (Lemma 9.3.4). To prove the lower bound, we use primary ideal dimension: suppose that
(21,...,24) generatesanm/( f)-primary ideal. Then, its contraction to R, whichisideal (f, x1,...,zq)
would generate an m-primary ideal as well. Hence, dim R < dim R/(f) + 1, as desired. O

~ Example 9.4.3.

Suppose that you want to compute dim R, where

Clz,y, 2]
(xy +yz + 2x)

using the above property. We claim that for any maximal ideal m of R, we have dim R, = 2.
To see why, note that a maximal ideal m of R is a contraction of a maximal ideal n C C[z, y, 2]
such that zy + yz + zz € n. Note that C[z,y, z] is a domain, so zy + yz + zz is not a zero
divisor. Thus, by the above Proposition 9.4.2,

Clz,y, zln

dim R, = dim ————
" (zy +yz + 22)

=dimClz,y,2]s —1=3-1=2.

Thus, taking supremum across all ideals m gives dim R = 2.

(This argument would have worked if zy +yz + zx is replaced with any f # 0 € Clz, y, z].)

- Proposition 9.4.4 (Dimension of completion).

If R is a Noetherian local ring with maximal ideal m and 1/% is the m-adic completion, then
dim R = dim R.

» Proof. By Proposition 8.4.5, R is local with maximal ideal @, which is a completion of m as a module.
From Corollary 8.4.4, we get that m’/m‘*! ~ m?/m?*!, so the Hilbert dimensions are the same. O

§9.4.2  Krull's Principal Ideal Theorem

- Theorem 9.4.5 (Krull's Height Theorem).

Let R be a Noetherian ring, and I be an ideal with n generators. Then, ht I < n. (Translation:
every prime ideal minimal over I has height at most n.)

» Proof. Let p be a minimal prime among those containing I. Then, ht(/R,) = dim R, so by Propo-
sition 9.3.6, I R, is p Ry,-primary. Hence, using primary ideal dimension, we have

ht p= dim Rp = dimprimary Rp <mn,

sohtl <n. O

A special case of this is the following.
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~ Corollary 9.4.6 (Krull's Principal Ideal Theorem, or Krull's Hauptidealsatz).

Let R be a Noetherian ring and f € R. Let p be a prime ideal minimal among those containing

f
(a) htp < 1.

(b) If f is not a zero divisor, then htp = 1.

» Proof. (a) follows immediately from Theorem 9.4.5. To prove (b), note that if htp = 0, then, R,
has dimension 0, hence Artinian (by Theorem 5.3.1 (b)). This means that f € pR, is nilpotent (by
Theorem 5.3.1 (d)), hence a zero divisor in R, a contradiction. O

@ Remark9.4.7.

There are other proofs of Krull’s principal ideal theorem and Krull’s height theorem that does
not need knowledge in this chapter. See for example, [Vak24, §12.3]

We also note the following useful property, although the proof is deferred to Corollary 10.4.3.
~ Proposition 9.4.8 (Dimension of polynomial ring).

If R is a Noetherian ring, then dim R[z] = dim R + 1.

§9.5 Regular Local Ring

§9.5.1 Definition and Basic Properties
For any Noetherian local ring R with maximal ideal m and £ = R/m, we note that

dim R > #(generators of m) (primary ideal dimension)
> dimy (m/m?). (Nakayama; Corollary 2.2.6)

[l Definition 9.5.1 (Regular local rings).

A Noetherian local ring (R, m) is a regular local ring if the three above quantities are all
equal:
dim R = dimp/, m/m? = #(generators of m).

(Equivalently, the first two are equal. Also, we always assume that regular local rings are
Noetherian.)

~ Example 9.5.2 (Regular local rings of dimension 0 and 1.).
« Ris regular local with dimension 0, if and only if m = m?, which (by Nakayama; Corol-
lary 2.2.5) is equivalent to either m = 0 or R is a field.

+ R is a regular local ring with dimension 1 if and only if R is a DVR (by Theorem 7.1.4
().

Thus, regular local ring generalizes the concept of DVR to higher-dimension.
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~ Example 9.5.3 (Regular local rings correspond to smooth objects).

Regular local rings correspond to rings of smooth varieties localized at a point. We will not
explain this connection precisely. Let us first confine ourself to a simpler example of hypersur-

face K ]
L1y...,Tn
R = _—

( (f) )(ml,...,zn)

where k is an algebraically closed field and f € k[x1, ..., z,] such that f(0,...,0) = 0. Thus,
dim R = n — 1. We write

flx1,...,2y) = a1x1 + - - - + apxy, + (higher degree terms).

Let m be the maximal ideal of R, which correspond to the maximal ideal m of the localization
Elz1,...,20)(2s,....2,) Then, we have

m m m/m

w2 (m2, f) - Span(f mod m?2)

2 Span(ey, ..., ep)

(are1 + -+ + ape, = 0)’

~

which has dimension n — 1 if and only if at least one of a; is nonzero.

Equivalently, R is a regular local ring if and only if at least one partial derivative 9 f/dx;
does not vanish at (0,...,0).

In general, if R is a localization at (z1, ..., ;) of ring in form

k[Il,...,In]/(fl,...,fT)

that has dimension n — r, then R is a regular local ring if and only if the Jacobian matrix

931100/ 1<igr1<j¢n
has rank n — r. This is exactly the condition for k[x1,...,2,]/(f1,..., fr) to be a smooth
variety at (0,...,0).
If k is not algebraically closed, then maximal ideals may not be of the form (z1—ay, ..., T, —

ap), in which case checking regularity is harder and beyond the scope of these notes. Separa-
bility issues can arise of £ is not perfect.

Regular local rings are the nicest kinds of rings that generalize to arbitrary dimension. Unfortu-
nately, studying regular local rings is quite difficult. In the section, we will present something that
we can prove with all tools developed thus far. The main highlight is that with mild conditions (that
holds in the case of any variety), the m-adic completion of regular local ring R must be isomorphic to
k[[x1,...,24]]. Then, in Section 9.5.2, we state some nice facts that we cannot prove.

First, we study the associated graded ring gr,, R (Definition 8.4.8), defined by

gr. R = @mi/miJrl

i>0
and show that they are the nicest as possible.

~ Proposition 9.5.4 (gr of regular local ring).

If R is regular local with maximal ideal m and dimension d, then gr,, R ~ k[z1, ..., 24].

Consequently, dimpg /m m’/m = (ij;d_zl)'
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» Proof. Letm = (t1,...,%q) be the minimal generating set. Then, we have a surjective map
klz1,...,2q) = gru R
x; —t;

We have to show that this is injective. Suppose that a nonzero homogeneous f of degree s maps to 0.
Then, the map collapse to a surjective map k[x1, ..., zq4]/(f) — gry, R. Therefore,

klxzy,...,24]

(f)

However, if P = @,-, m’/m*™! be the ideal of positive degree, then (gr,, R) p (localize at ) have the
same associated graded ring as R, hence having the same Hilbert dimension as R. Thus, dim gr,,, R >
dim(gr,, R)p = d. This is a contradiction. O

dimgr,, R < dim =d-—1.

-/ Corollary 9.5.5.

Any regular local ring is a domain.

» Proof. Suppose a,b # 0. There exists 7,7 such that a € m’ \ m**! and b € m/ \ m/*'. Thus,
a € (gr, R); and b € (gr,, R); are both nonzero, so we have ab # 0. Thus, ab € m**7 \ m* T+ 5o
ab # 0. O

~/ Theorem 9.5.6 (Completion of regular local rings is k[[z1, . . ., 24]])-

Let R be a regular local ring of dimension d, m be the maximal ideal, and ¥ = R/m. If every
element a € k can be lifted to @ € R such that a = @ (mod m), then

~

R~ k[[ml, o ,xd]]

(where R denotes the m-adic completion).

Note that the lifting map condition holds whenever R = k[z1,...,2,]/I for some ideal I. Thus,
this theorem shows that completion of any smooth variety is isomorphic to k[[x1, ..., z4]]!

» Proof. The idea is that from Proposition 9.5.4, we already have the isomorphism k[z1,...,2z4] —
gr., R. One needs to realize this as gr, where ¢ : k[z1,...,24 — R is a map. Then, we will be able
to use Lemma 8.4.9 to conclude that ¢ : k[[z1,...,z4]] — R is an isomorphism.

To do this, let m = (¢1,...,tq) as above. Define

Y klry,...,zq) = R
a—a forallack

Then, it is clear that gr is the map defined in Proposition 9.5.4, which is an isomorphism. Thus, by
Lemma 8.4.9, 1) is an isomorphism. O

It’s then natrual to ask whether all complete regular local rings are of the form k[[z1, ..., z,]]. (A
ring is complete if it arises from a completion.) It turns out that the answer is no; there is a whole other
family of regular local rings.

~ Example 9.5.7.

Let A be a complete DVR (e.g., A = Z,). Let n = (7) be its maximal ideal and A/n = k. We
claim that

R = Allx1, ..., 14]]
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is regular local of dimension d + 1 with maximal ideal m = (7, 21, ..., x4). This is because one
can verify that gr, R = k[T, Z1, ..., Tq]. For example, Zy[[z, y]] is regular local which is not
of the above form.

§9.5.2 Harder Facts about Regular Local Rings

Regular local rings enjoy further nice properties. To conclude this section, we state some harder facts
about regular local rings that we will not be able to prove.

~ Theorem 9.5.8 (Auslander-Buchsbaum).

If R is a regular local ring, then R is a UFD (hence integrally closed).

See [Eis95, Thm. 19.19] for the proof. Note that the weaker fact that R is integrally closed is doable
by elementary methods.

We also have a surprisingly difficult theorem by Serre.
~ Theorem 9.5.9 (Serre).

If R is a regular local ring, then for any prime ideal p, the localization R, is still regular.

See [Eis95, Cor. 19.14] for the proof.

These two theorems signify the next step of the subject, which is to introduce homological meth-
ods. Roughly speaking, homological methods introduces construction originally developed for alge-
braic topology (e.g., chain complexes, homology, etc.). These constructions allow us to cleanly manip-
ulate a sheer number of spaces and maps, which then allow us to prove more difficult theorems. You
will see a glimpse of those homological techniques in Chapter 10.

§9.6 Problems

Problem 9.A. Let A and B be domains with dim A = dim B. Prove that any surjectivemap¢ : A — B
is an isomorphism.

Problem 9.B. For a ring R, the property that “R is Noetherian” and “dim R is finite” seem related in
some ways. However, neither one imply the other. The following problems provide a counterexamples.

(@) Consider R = Clzy, s, ...]. Let

pi = (T2, T2 11, T2 105 T(ig1)241)

and let S = R\ |J;2, p;, which is a multiplicative set. Thus, S™! R is Noetherian (by Proposi-
tion 5.2.2). Prove that dim S™'R = oco.

Hence R is Noetherian does not imply that dim R is finite. This counterexample was first discov-
ered by Nagata.

(b) Prove that the ring of algebraic integers has dimension 1 (and we know that it is not Noetherian
by Problem 5.C). Hence, dim R is finite does not imply that R is Noetherian.

Problem 9.C. For each of the rings R and maximal ideal m in Problem 8.G, compute the Hilbert di-
mension of Ry,.

Problem 9.D. Let R = C[z,y]/(y? — #® — ) and m = (x,y). Find an m-primary ideal of R, that is
principal (hence showing that dim R, < 1).

Problem 9.E. Prove that a domain A is a UFD if and only if every prime ideal with height 1 is principal.
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Problem 9.F. Prove that the ring

Clw, z,y, 2|

(wz — zy, wy — 22, 22 — Y?)

has dimension 2 (despite it is cut out by 3 equations).

is not a regular local ring, even though Problem 4.E shows that it is integrally closed.

Problem 9.G. Prove that

The next two problems concern integrally closed domains.

Problem 9.H (Serre’s R1 + S2 Criterion). Let A be a domain. Prove that A is integrally closed if and
only if both of the following holds.

(i) Ay is a DVR for all prime ideal p with height 1.

(ii) For any f € A, all associated primes of A-module A/(f) are minimal over (f) (and thus have
codimension 1).

(Hint: to prove that integrally closed implies (ii), reduce to the local case and mimic the proof of
Theorem 7.1.4 (b) = (c). To prove that (i) and (ii) implies integrally closed, use Problem 6.D.)

Problem 9.I (Algebraic Hartogs Lemma). Let A be an integrally closed domain. Prove that

A= (1 A,

p height 1

Problem 9.J (Cohen-Macaulay Rings). Cohen-Macaulay is a condition for local rings to be “nice” in
a certain way that excludes some pathology, but includes regular local rings and many non-smooth
examples. This problem gives an introduction to the theory of Cohen-Macaulay rings.

Let R be a Noetherian local ring. A regular sequence is a sequence fi,..., f, € R such that
(f1,...,fn) # R and x; is not a zero divisor in R/(f1,..., fi—1). You should think of fi,..., f, as
equations, and we are slicing by the equations f;.

The depth of R, denoted depth R is the maximum length of regular sequences of R. A ring R is
Cohen-Macaulay if depth R = dim R. Informally, this means that you can slice dim R equations.

(a) Prove that depth R < dim R for every ring R.

(b) Suppose that R has dimension 1. Prove that R is Cohen-Macaulay if and only all associated
primes of R are minimal. (In particular, by Problem 6.C, any reduced Noetherian local ring with
dimension 1 is Cohen-Macaulay.) Given an example of a ring that is not Cohen-Macaulay.

(c) Prove that regular local rings are Cohen-Macaulay.

(d) Prove that the local ring

is Cohen-Macaulay.
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1 0 Flatness

Recall from Definition 2.5.10 that we defined an R-module M to be flat if tensoring by M preserves
exactness. As tensor is already right-exact, this is equivalent to preserving injection, ie., if A — B
is injective, then so is the induced map A g M — B ®pr M. In this chapter, we will explore the
properties and uses of flat modules.

The first thing that you probably have noticed is that in order to prove that M is flat, one needs
to check that it preserves injectivity for all injective morphisms A — B (including infintely-generated
ones). This is a horrible condition to check. This, in Section 10.1 and Section 10.2, we develop conditions
to check if a module is flat (or not flat).

The cleanest way to do this require formidable machinery in homological algebra, which borrows
tools from algebraic topology to study algebra. One can motivate this as follows: whenever you see a
right exact functor, like 0 - A — B — C' — 0, which implies the right exact sequence

ARr M — Bgr M — C®r M — 0,

you should dream of extending the sequence indefinitely leftward, giving the left-derived functor. In
this case, the exact sequence we will construct is

. —— Torf(C, M)
Torf(A, M) —— Torf(B, M) —— Torf(C, M)

Ap M — Bp M —— C®r M —— 0

In some sense, Tor measures the failure of exactness of tensor product, and thus useful for understand-
ing flatness. We will define TorZR (A, M) at the beginning of Section 10.2. Then, we provide various
flatness criteria that we get from understanding the Tor functor.

In algebraic geometry, flat modules are tied closely with flat morphisms.
L] Definition 10.0.1.

A ring morphisms ¢ : A — B is flat if and only if it promotes B to a flat A-algebra.

Geometrically, flat morphism means “nicely varying”. An example of morphisms that are not nicely
varying is
C
6 Cla] » 24l
(zy)

T =T

Geometrically, this corresponds to the map from variety {xy = 0} to an affine line {x € C} by pro-
jecting to the = coordinate. One can check that Clx, y]/(xy) is not a flat C[z]-algebra (we leave this
as Problem 10.A). This is not “nicely-varying” because the map is injective at all points, except above
x = 0, where an entire line is squished into a single point. The key result of this sort is flatness implies
constant dimension of fiber, which we prove in Section 10.4.
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In contrast, the map

Cle Clz, y]
¢:Clrl= (zy — 1)

T =T

is flat (by Corollary 3.2.4 that localization is a flat module), even though we have seen that it does not
look like a covering map. These two conditions are very different, and flatness is more useful for maps
that collapse the dimension.

not flat

flat

§10.1 Homological Algebra Crash Course

This section provides the relevant background in homological algebra.

§10.1.1  Homology
» Chain Complexes
[£] Definition 10.1.1.
A chain complex is a sequence
T TR N T N L O R S

such that 9;_1 0 9; = 0 for all i (i.e.,, Im 9; C Ker 9;_1).

(Most chain complexes we consider will be finite. Strictly speaking, they can be extended
infinitely in both directions with 0’s.)

» Homology
[£] Definition 10.1.2.

Given a chain complex A, as above, the n-th homology group is defined as

H,(A,) :=Kerd,/Im 1.
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~ Example 10.1.3.

Any exact sequence has all of its homology groups equal to 0. Thus, the homology groups can
be thought of as how “far from exact” a chain complex is.

-/ Theorem 10.1.4 (A variant of Snake lemma).

Given a short exact sequence 0 — A, — B, — C, — 0 of chain complex, i.e., the
commuting diagram

L1

2] 17}
An+1 An An,1 —_— ...

2] %)
Bn+1 Bn Bn—l —_— ...

2] 1%}
Cn+1 Cn Cn—l —_— ...

0 0 0

Then, there exists an exact sequence of homology groups

S Hpi(B) —— Hot(C)
§

H,(A,) — H,(B.,) — H,(C\) >

/

Hoy 1(A) = Hy ((B)) —— ...

This is a more general version of Snake Lemma (Lemma 2.3.5) because if A, B, and C, each have
two nonzero modules, then we recover Lemma 2.3.5. It can be proven by a similary tedious argument,
so we omit the proof.

§10.1.2  Free Resolutions

[£] Definition 10.1.5 (Free Resolution).

Given an R-module M, a free resolution of M is a chain complex of free R-modules which
has 0-th homology group M and n-th homology group 0 for n # 0.

~ Example 10.1.6.

As a Z-module, Z/nZ has a free resolution given by

= 00— Z 7 —0— .

Every module M has a free resolution. Indeed, we can first take a free module M with a surjection
@ : My — M. Then, take a free module M; with a surjection 0; : M; — Ker . Take a free module
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M, with a surjection 05 : Mo — Ker 01, and so on. The resulting complex

16} 0. 13}
—3>M2—2>M1—1>M0—>0—)

is a free resolution of M by construction. (The process may not terminate, but that’s fine because free
resolutions need not be finite.)

§10.2 Flatness and Tor

§10.2.1  The Tor Functor

Every right-exact functor induces a left derived functor. In the case of the tensor product, the derived
functor is Tor.

£ Definition 10.2.1 (The Tor functor).

Given R-modules M and N, let N, be a free resolution of IV, and let M ® N,. denote the chain
complex induced by tensoring each component of N, with M. Then, the n-th Tor functor is
defined as

Tor®(M,N) := H,, (M ® N,).

In particular, Toré?/ is simply ®p.

~ Example 10.2.2 (Tor of Z-modules).

We will compute Tor?(Z/mZ, Z/nZ). Using the free resolution of Z/nZ in the previous sec-
tion, we simply want the homology groups of

i 0 — Z/mZ S T jmZ — 0 — - - -

The image of multiplication by n in Z/mZ is all the multiples of gcd(m, n), and the kernel is
isomorphic to Z/ ged(m, n)Z, so

Tord(Z/mZ, Z/nZ) ~ Tors(Z/mZ,Z/nZ) ~ 7./ gcd(m, n)Z,

and Tor”(Z/mZ,Z/nZ) = 0 for i > 2.

Tor satisfies some nice properties, but proving many them is beyond the scope of this chapter.

~ Theorem 10.2.3 (Properties of Tor).

(a) Tor’ (M, N) does not depend on the choice of free resolution N,.

(b) If0 - A — B — C — 0is a short exact sequence of R-modules, then there is a long
exact sequence

. ———— Torf(C, M)

Torf (A, M) —— Tori(B, M) —— Torf(C, M)

ARpM —— B M —— CQ®r M —— 0

() Tor®(M,N) ~ Tor (N, M).
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(d) If I is a directed set and (NN;);c; is a diagram, then

i€l i€l

Torl (M, @N) = lim Tor,; (M, N;)

(cf. colimit in Section 2.4).

» Proof.  (a) The proof of this is elementary, but it requires slightly more homological algebra than
what we have given. Thus, this is deferred to Theorem B.3.1.

(b) Take a free resolution --- — My — M; — My of M. Since M; is free (hence flat), we get a
commutative diagram with exact rows

0*>A®£Mi—>B®£Mi—>C®£MZ—*>O

l l l

0 — A®pM;—y — B@pM;_ 1 —— CQr M;—1 —— 0

! ! !

In particular, we have the exact sequence of chain complexes 0 -+ A ®r M, — B ®p M, —
C ®r M, — 0. Then, the homology long exact sequence Theorem 10.1.4 gives the desired long
exact sequence.

(c) Intuitively, this should be true because tensor product is symmetric (M ®r N = N ® p M), but
this turns out to be a very difficult one to prove. Roughly speaking, we take a free resolution
of both M and N. Then, take their product M; ®g IV; to get a double complex (that looks like
an infinite grid). Then, one manipulates homology groups of the double complex and proves the
result (typically, this is done via spectral sequence). We refer the reader to [Wei94, Thm. 2.7.2].

(d) This follows from the following two facts:

« Colimit preserves exactness (Theorem 2.4.13), hence preserving kernels, images, and homol-
ogy groups in a chain complex.

. 1C011m1t commutes with tensor product: M ®p h_n)l er N; = 1_r>n (M ®p N;) by Prob-
em 2.G.

Thus, every step in the definition of Tor commutes with the colimit, so Tor commutes with col-
imit. O

§10.2.2 Ideal-theoretic Criterion of Flatness

- Theorem 10.2.4 (Ideal-theoretic Criterion of Flatness).
Let M be an R-module. The following are equivalent:

(a) M is flat.

(b) Tor(M, N) = 0 for all R-modules N and i > 1.
(¢) Tor’*(M, N) = 0 for all R-modules N

(d) Torf(M,R/I) = 0 for all ideals I C R.
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» Proof. Note that (b) = (c) = (d) is trivial.
(a) = (b). Consider a free resolution N, of N given by

oo —>Nog — Ny — Ng — -+,
and consider the long exact sequence
--» — No — N7 — Ny
As M is flat, tensoring by M preserves exactness, so
i — M QNy — M QN — M ® N

is also exact. Thus, the i-th homology group of M ® N, is 0 forall ¢ > 1.
(d) = (a). We prove this in three steps.

1. Tori2 (M, N) = 0 for all finitely-generated modules IN. We use induction on the number
of generators n of N. First, if n = 1, then N ~ R/I for some ideal I, so the result is clear.
Now, assume that the result is true for n — 1 generators. Let NV be a module with n generators
€1,...,en. Then, we have the exact sequence

0 — Rle,] — N — N/R[e,] — 0,
which gives long exact sequence (by Theorem 10.2.3 (b))
... — Torf(M, Rle,]) — Torf(M, N) — Tor®(M, N/R[e,]) — ....

Since N/R|[x]is generated by ey, . . . , e, _1, we have by induction hypothesis that Tor* (M, R[e,,]) =
Torf(M, N/Rle,]) =0, so Torf”(M7 N)=0.

2. Tor®(M, N) = 0 for all modules N. Note that N is a colimit of finitely-generated modules
lim;c; N; (by Proposition 2.4.8). We know that from Step 1. that Tor®(M, N;) = 0, so by
Theorem 10.2.3 (d), we get that

Torf (M, N) = Tor® (M, liﬂN,) = lim Tory' (M, N;) = lim 0 = 0.
el el el

3. M is flat. Let ¢ : A — B be injective. Then, the exact sequence 0 - A - B — B/A — 0
gives the long exact sequence

0= Torl(B/JA,M) — A M — B M — (B/A)® M — 0,
giving that A @ M — B ® M is injective. O
How useful are these conditions? It turns out the last two have a natural interpretation.

~ Theorem 10.2.5.
Torf' (M, R/I) = 0if and only if ¢ : ] @z M — M given by i ® m +— im is injective.
» Proof. Consider the short exact sequence 0 — I — R — R/I — 0. Since R® M = M and

Torf (R, M) = 0 (free modules are flat), we get a long exact sequence

0 — TorB(R/I,M) -5 T® M 25 M — (R/I) @ M — 0.

Since « is injective, its image is 0 if and only if Tor[*(R/I, M) = 0. On the other hand, Im @ = Ker 3,
and Ker 8 = 0ifand only if 8 : I ® M — M is injective. Thus, the two are equivalent. O

We can now do a nontrivial example of checking that a morphism is flat.
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~ Example 10.2.6.

Consider a ring morphism

Cls] s ClYl
¢:Clz] — @)

Z=T+y

(Geometrically, this corresponds to mapping point (z,y) from variety zy = 0 to point z =
x+y.)

We claim that this makes C[z, y]/(zy) a flat C[z]-algebra. To prove this, note that since flatness
is a local property, it suffices to show that

M = (Clz,y]/(2y)) (:—aq) is a flat C[2](,_q)-algebra is flat for all a € C.

(Be careful, M only allows denominator of the form x + y — b for all b # a.)

To check this, we use ideal-theoretic criterion. The good news is R = Cl[z](._q) has not
many ideals: (z — a)™! Then, it suffices to show that Tor?(M, R/(z — a)™) = 0. To do this,

we consider the free resolution

(z—a)"

R R

Tensor with M:

(z+y—a)”
( )

M M

Since x + y — b is not a zero divisor in C[z,y|/(xy) for all b € C, it follows that this map is
injective, so we are done.

§10.2.3  Flatness over Local Rings
In the case of local rings, we can say a lot more about flatness.

~ Theorem 10.2.7 (Flat Modules over Local Rings are Free).

Let R be a local ring with maximal ideal m, and let M be a finitely-presented R-module. The
following are equivalent:

(a) M is free.
(b) M is flat.
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(¢) Torf(R/m, M) = 0.

» Proof. Note (a) = (b) is trivial, and (b) = (c) was proved in Theorem 10.2.4. Thus, we prove that (c)
implies (a).

Suppose Torf(R/m, M) = 0. Observe that M /mM is a module over the field R/m, so it is free.
As it is also finitely generated, we can find mi, ma, ..., m, € M such that their images ™7, ..., M,
in M /mM form a basis. By Nakayama (Corollary 2.2.6), my, ..., my, generate M.

Now define a free R-module F' with basis { f1,. .., f» }, and consider the surjectivemap 8 : FF — M
which maps f; — m; for all i. Let K = Ker /3, with the embedding o : K — F. We have a short exact
sequence

0—K-%F-2m—o
Note that for any module N, N ® R/m = N/mN. Thus, by tensoring the sequence with R/m, we have

an exact sequence

0 = Tor®(M, R/m) — K/mK 2% F/mF 2% M/mM — 0.

Let f; denote the image of f; in F//mF. Then, 3, maps f; ~ 7;, so it maps the basis {fi,..., f, } of
F/mF to the basis {77,...,m,} of M/mM. Hence, 3, is an isomorphism. By the exactness of the
sequence above, «, is injective and has image 0, so K/mK = 0. Since M is finitely presented, K is
finitely generated ', so by Nakayama, K = 0. It follows that M ~ F is free. O

~ Corollary 10.2.8 (Equivalence of Flat and Locally Free).

Let R be a ring and M be a finitely-presented R-module. Then, M is flat if and only if M is
locally free (i.e., for every prime ideal p, M, is free).

» Proof. If M is flat, then for all prime p, M), is a flat R,-module and hence free.

If M, is free for all prime p, then My, is free and hence flat for all maximal m. By Proposition 3.3.4,
M is flat. O

§10.2.4  (Bonus) Local Criteria of Flatness

The above result is nice, but it assumes that M is finitely-presented. Most morphisms of variety is not
finite. Therefore, we give a more powerful condition that allows us to work on non-finitely-generated
ring as well.

~/ Theorem 10.2.9 (Local criteria of flatness).

Let R and S be Noetherian local rings. Let m and n be maximal ideals of R and S, respectively.
Let ¢ : R — S be a local morphism, ie., = 1n =m.

Let M be a finitely-generated S-module. If Tor? (M, R/m) = 0, then M is flat over R.

» Proof. It suffices to show that Tor? (M, R/I) = 0 for all ideals I C R. If this is not true, take I to
be the maximal among all counterexamples (we can do this since R is Noetherian). Pick f € m\ 1. We
have two cases.

!This is a bit subtle because by definition, M is finitely-presented means that there exists a finite presentation K — F —
M — 0 where F'is finite and free and K is finitely-generated. However, in this theorem, we are choosing specific ' and K.
Fortunately, it’s true (but not obvious) that the definition does not depend on the choice of F'. We leave this fact as an exercise
to the reader.
Alternatively, if you don’t want to think about this issue, assume that R is Noetherian.
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« If f is not a zero divisor in R/I, then we get a short exact sequence

0— R/T L5 R/T — R/((f) + 1) — 0.

The ideal (f) + I strictly contains I, so by maximality, we have Torf(M, R/((f) + I)) = 0.
Therefore, we get a surjective map

Tor® (M, R/T) L5 Torf (M, R/T).

To avoid clutter, let N = Tor?*(M, R/I), which has the structure of S-module because M e has
the structure of S-module, and from above, we get a surjective map N — N by multiplication
by ¢(f). Then, N = (¢(f))N, so by Nakayama’s lemma, there exists z € (¢(f)) such that
n = z¢(f)n for alln € N. However, from ¢~ 'n = m, we get that ¢(f) € n. Thus, (1 — z¢(f))
is a unit, so n = 0 for alln € N, so N = 0. Thus, Torf'(M, R/I) = 0.

- If f is a zero divisor in R/I, thenlet J = Anng,;(f), so J strictly contains /. Then, we have
an exact sequence

0—R/J— R/IT— R/((f)+1I)—0.

Again, by maximality assumption, Torf(M, R/.J) = 0 and Torf (M, R/((f) + I)) = 0. which
implies by long exact sequence that Tor!*(M, R/I) = 0. This is a contradiction. O

§10.3 Going-Down Theorem, Flat Version

In Theorem 4.3.12, we proved a version of going down for integral extensions of integrally-closed do-
mains. In this section, we will prove another version of the statement which instead assumes flatness.

~/ Theorem 10.3.1 (Going-Down Theorem, Flat Version).

Given a morphism ¢ : A — B, we say that prime ideal q C B lies over p C Aif ¢~1q = p.

Suppose that ¢ : A — B is a flat morphism. Given that p C p’ C A be prime ideals and ¢’
lies over p’, then there exists a prime ideal q C ¢’ lying over p.

" ¢ B
A

q C

|
p C p C

Before we prove this, we will need a new definition.

§10.3.1  Faithful Flatness

One way of stating the definition of flatness is as follows: a module M is flat if A — B — C being
exact implies A® M — B® M — C ® M is exact.

] Definition 10.3.2.

A module M is faithfully flat if the following is true: A - B — C is exact if and only if
A M - B®M — C® M is exact.

Similarly, a morphism of rings ¢ : A — B is faithfully flat if it makes B a faithfully flat
A-algebra.
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~ Example 10.3.3.

Finitely-generated free modules are faithfully flat, as A @p R®" = A®". (In fact, all free
modules are faithfully flat.)

An example of a flat module which is not faithfully flat is Q as a Z-module. Indeed, by
Corollary 3.2.4, Q = (Z \ {0})~'Z is flat. Further note (Z/nZ) ® Q = 0,asm ® ¢ = (nm) ®
(g/n) = 0 for all m and ¢. Thus, while

707 -5 7/nZ - 7./nZ

is not exact, its tensor with Q is 0 — 0 — 0, which is exact.

£l Definition 10.3.4 (Residue Field).

Let R be aring and p C R be a prime ideal. The residue field is defined as

k(p) := Frac(R/p).

~ Theorem 10.3.5.

Let M be a flat R-module. The following are equivalent;
(a
(b

(c
d

M is faithfully flat.
IfN®r M =0,then N = 0.
For all prime ideals p C R, x(p) @ g M # 0.

NN SN

For all maximal ideals m C R, k(m) ® g M # 0.

» Proof. It is clear that (b) = (c) = (d).
(a) = (b). Suppose M is faithfully flat. f MQN = 0,then0 - M®r0 - MQrN — M®r0 — 0
is exact,so 0 = 0 -+ N — 0 — 0is exact. Thus, N = 0.
(b) = (a). Suppose N ® g M = 0 only when N = 0, and suppose for modules A, B, and C, the
tensored sequence
AR M 25 Bog M 25 Cop M
is exact. Then, Im(Ba) @ g M = Im(Bya.) = 0, so Im(Ba) = 0, ie., Ima C Ker §. By flatness,

Ker g Kerf@r M  Ker g,
Ima Kera®r M Im o,

:0’

soKer8/Ima =0,1ie, A — B — C is exact. Thus, M is faithfully flat.

(d) = (b). Suppose M ® px(m) # 0 for all maximal m. Consider any nonzero module N. Letz € N
be a nonzero element. Observe R/ Ann(z) embeds into N under the map, so (R/ Ann(x)) ®p M
embeds into N ® g M.

Let m be any maximal ideal containing Ann(x). Then, (R/ Ann(x)) ® g M surjects onto (R/m)®p
M. The latter is nonzero by assumption, so the former is also nonzero. It embeds into N ®gr M, so

N ®g M # 0, as desired. OJ

The module M ®p k(p) has a geometric significance: it is a fiber. To see this, we first note that
since localization commutes with quotient, we get x(p) ~ R, /pR,, so we have the exact sequence

pR, — R, — k(p) — 0,

so tensoring gives
pM, — My — k(p) ®r M — 0,
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which implies that
k(p) ®r M >~ M, /pM,. (10.1)

Now, suppose that M = S is an R-algebra. Then, x(p) ®r S ~ S, /pS, as R-algebra as well. We
claim the following:

~ Proposition 10.3.6 (Points in fiber indeed corresponds to preimage).

If ¢ : R — S be a morphism (so S is an R-algebra), then there is a bijective correspondence
between

{prime ideals of k(p) @r S} +— {prime ideals q C S such that ¢~ 'q = p}.

» Proof. Recall (10.1) that k(p) ®r S = Sy, /pSy. First, note that S, is a localization of S with multi-
plicative set ¢(R/p). Thus, every prime ideal of S}, (and hence S, /p.S,) is extended from a prime ideal
q € S. Observe the following:

« Inorder to get a prime ideal in S),, we must have qN ¢ (R \ p) = 0, This is equivalent to ¢~ 1q C p
(which we left as an easy exercise to check).

« In order to get a prime ideal in .S, /p.S,, we must have qR, 2 ¢(p)R,, which means q O ¢(p) or
equivalently ¢~1q D p.

Combining both items gives q extends to a prime ideal in S, /pSy if and only if p~1q = p. O

In particular, Spec(k(p) ®r S) ~ ¢~ 1({p}). This is why x(p) @ S is an algebraic realization of
the fiber of ¢* : Spec S — Spec R at p.

§10.3.2  Proof of Going Down

~ Corollary 10.3.7 (Faithfully flat implies surjective).

If o : A — B is faithfully flat (i.e., makes B a faithfully flat A-module), then ¢# : Spec B —
Spec A is surjective.

» Proof. Letp be any prime ideal of A. From Theorem 10.3.5, (p)®4 B # 0, so there exists at least one
prime ideal, which by Proposition 10.3.6 must then correspond to prime ideal in Spec B that contracts
to p. O

~ Corollary 10.3.8.

If p: A — Bisflat and q € Spec B lies over p € Spec A, then By is faithfully flat over A,.

» Proof. First, we show flatness. Let B, = (A\p)~' B be an A,-module (warning: it is not an algebra).
Then, by Corollary 3.2.4, we get that B, is a flat A,-module. Localizing B, further gives that B is a
flat By-module, hence a flat A,-module by forgetting scalar.

Now, we show faithful flatness. Since A, is local with maximal ideal pA,, which qB; C By lies
over, pA, is in the image of ©# : Spec B, — Spec A,. Thus, By is faithfully flat over A,. O

» Proof of Going Down Theorem 10.3.1. Suppose B is a flat A-module, and define p, p’, q’ as in the
statement. By Corollary 10.3.8, By is faithfully flat over A,,. By Corollary 10.3.7, some prime in B/
lies over pA,/. Lifting this prime back to 53, we get a prime that lies over p. O
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610.4 Flatness Implies Constant-Dimension Fibers

We now prove an important result that flat morphisms have constant dimension of fibers.

~ Theorem 10.4.1 (Flatness implies constant dimension of fibers).

If R and S are Noetherian local rings with maximal ideals m and n and ¢ : R — S is aring
morphism such that ¢~ 'n = m. Then,

dim S < dim R + dim S/mS.

Moreover, if ¢ is flat, then the equality holds.

Before proving this theorem, let us consider geometric interpretation. Let ¢ : A — B be a flat
morphism, q be a prime ideal of B, and p = ¢~ ' A. Then, ¢ induces a local morphism ¢, : A, — B.
Then, we have

dim By < dim A, + dim B, /pB,. (10.2)
Note that by localization in stages,

(10.1)
Bq/pBq = (By/pByp)q =" (B ®@a £(p))q
(where B, = (¢(A\ p))~!B). The A-algebra B ® 4 £(p) is the fiber of the morphism ¢# : Spec B —
Spec A at p (ie., Spec(B ®4 k(p)) = (©#)~*({p}), which follows from Proposition 10.3.6). This
theorem says that for flat morphisms, the local dimension of fiber at q is the difference of the local
dimension of B at q and of A at p.

~ Example 10.4.2.

Consider the morphism
klz, y]
(zy)
mentioned in the introduction. Let A = k[z], B = k[z,y]/(zy), 9 = (z,y) C B,sop =
¢~1q = () C A. Then, using the fact that localization commutes with quotient, we compute

By B(a,y) ( B )
== (=) =kl
(z) o) [ ](y)

pBy (z)B (=,y)
which has dimension 1. This correspond to the geometric intuition that inverse image of {0}
is the y-axis.

On the other hand, dim A, = dim By = 1 by Proposition 9.4.2. This violates (10.2).

@ : k[z] —

» Proof of Theorem 10.4.1. Let d = dim R and e = dim S/mS. From primary ideal dimension, there

exists an m-primary ideal (z1,...,2,) C R, i.e, there exists ny for which m"* C (z1,...,z,) Cm
(this utilizes R is Noetherian). Similarly, there exists 15 and an n/mS-primary ideal (y1,...,9.) C n
containing mS such that
(L) g e ¢ v
mS - mS ~mS
Since S/mS is local with maximal ideal n/mS, we know n™ C (yy,...,¥y.) + mS. Thus,

n"" C ((y1,...,¥e) + mS)™
C (W) + (21, -, 2a)S
= ylv'"7yea80(x1)a"'agp(xd))

so there exists an n-primary ideal with d + e generators. We conclude dim S < d + e, the desired
inequality.
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Now suppose ¢ is flat. Given a chain of prime ideals

poCpP1 S -Cpa=m C R

e L . e S

mS " mS ~ “mS ~ mS

(where o 2 mS), one construct a chain of prime ideals in S as follows. Note that m 2 p~1q¢ 2
e 'mS D m,s0 o 1qo = m, so qp lies above p; = m, so by going down theorem Theorem 10.3.1, there
exists prime ideals p, such that ¢~ 'p, = p;. The whole construction can be summarized in the diagram
below.

90 q1 e
S/mS : — c — C -
/m mS 7 mS 7 T mS
S Po & P & -0 & Per & G & @ & G A
R: po & 1 & 0 & pa1 & pa=m
Now, our chain of prime idealis py €9 S --- T P31 ST 90 S 91 S - C de. O

As an application, we now give the deferred proof of Proposition 9.4.8.

~/ Corollary 10.4.3 (Dimension of polynomial ring).

Let R be a Noetherian ring. Then, dim R[z] = dim R + 1.

» Proof. First, we note that the morphism R — R[x] is flat because R[x] is a free R-module. Let q be
a prime ideal of R[z], and let p be its contraction to R. By the previous corollary, we get that

dim R[z]q = dim Ry, + dim(R[z]q/pR[z]q)-
However, we note that since localization commutes with everything,
Riely/pRlaly = (Rlal /pRlx))y = (B/p)[])q = r(p)laly,
which has dimension 1. Therefore,
dim R[z]q = dim Ry, + 1

for all prime ideal q. Taking maximum across all prime ideal g (noting that Spec R[x] — Spec R is
surjective because p[x] maps to p), we get that dim R[x] = dim R + 1. O

§10.5 Problems

Problem 10.A. Prove that C[z, y|/(xy) is not a flat C[x]-algebra.

Problem 10.B. Let M be a module over ring k[t]/(¢?). Prove that M is flat if and only if the multipli-
cation by ¢t map M /tM — tM is an isomorphism.

Problem 10.C. Let R = Cl[z, y]/(xy). Compute Tor’!(R/(x), R/(z)). Your answer should depend on
whether n = 0, n is odd, or n is even and positive.

Problem 10.D. Let R be a regular local ring of dimension 7 with maximal ideal m and residue field .
From the proof of Problem 9.] (c), there exists a sequence x1, za, .. ., z, € msuchthatm = (z1,...,2,)
and z; is not a zero-divisor of R/(x1,...,2;—1).
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(a) Prove that for any R-module M, we have Tory (M, k) = 0 for all i > n.

(Hint: There are at least two ways to do this. Oneistouse 0 — R/(x1,...,2;) = R/(x1,...,2;) —
R/(x1,...,2;41) — 0. The other is to explicitly find a free resolution of k)

(b) Prove that any R-module M has a free resolution F,, — --- — Fy — I, of length at most n.2

(Hint: start with any free resolution - -- — F; — Fy. Truncate it to a resolution K — F,,_; —
-+« = F} = Fy where K = Im(F,, — F,_1) and use Theorem 10.2.7 to show that K is free.)

(c) For each n, given an example showing that the bound n in (b) cannot be improved.

“The following converse holds: if R is Noetherian local ring such that the residue field k has a finite free resolution, then R
is regular. See [Eis95, Theorem 19.12] for the proof.
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This appendix provides some background material. Section A.1 and Section A.2 introduces basic cat-
egory theory (readers interested in learning further are encouraged to consulte [Leil4]). Section A.3
gives a quick review of topological spaces and topological notions.

§A.1 Category and Functors

Any mathematical structure you will care about forms a category.
[l Definition A.1.1.
A category C consists of:
« a set of objects objC;

. for any A, B € objC, the set of morphisms Mor(A, B); and

« for any A, B,C € objC, the composition operation o which takes morphisms, one in

Mor(A, B) and one in Mor(B, C) to get a morphism Mor(A, C)
satisfying the following conditions (which are mild)

« associativity. f o (go h) = (f o g) o h for any compatible morphisms f, g, h.

« identity. for any A € obj(C), there exists identity morphism 14 € Mor(A, A) such that
laof=folg=fforall f € Mor(4,B).

~ Example A.1.2.

Commutative rings form a category Rings with objects being rings and morphisms being ring
homomorphisms.

Similarly, the category R-Mod of R-modules has objects being R-modules and morphisms
being R-module homomorphisms. A special case of this is vector spaces (when R = k is a field)
and abelian groups (when R = 7).

We can also study maps between two categories, called the functor.
[] Definition A.1.3.

A covariant functor from C — D consists of two maps: F° : objC — objD and FM :
Mor(A, B) — Mor(F(A), F(B)) satisfying the following conditions:

« preserves composition. F'(f o g) = F(f) o F(g).
« perserves identity. F'(14) = 1p(4) forall A € objC
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(In contrast, a contravariant functor from C — D two maps: F°Y : objC — obj D and
FMer : Mor(A, B) — Mor(F(B), F(A)) satisfying similar axioms. The difference is that it
reverses the direction of morphisms.)

~ Example A.1.4.
We have the following examples of functors.

« There is a functor from commutative rings to abelian groups that maps a ring A to a
unit group A*. The morphism mapping is given by (A4 LA B) — (A% 4 B*) by just
restriction.

« There is a functor from commutative rings to commutative rings by A — A[z].

§A.2 Universal Properties

Universal properties (also known as universal mapping properties or mapping properties) de-
termine an object up to isomorphism. They are of a very specific format, which is best seen through
examples.

» Product Let C be a category with objects M and N. Then, the product M x N is an object P,
equipped with morphisms px : P — M and v : P — N, such that the following universal property
holds: “for any object P’ and maps ¢/ : P’ — M and v’ : P — N

there exists unique morphism ¢ : P’ — P (in dashed arrow) that makes the diagram above commute.”

(We say that a diagram of objects and morphisms commutes if for any objects P and () in the
diagram, every directed path from P to () compose to the same map P — @).)

Let’s suppose that C is the category Sets (objects are sets, and morphisms are any function between
two sets). Given sets M and N, why does the definition above agree with the usual product

P={(m,n):meMmneN}?

First, the morphisms y and v are defined by u((m,n)) = m and v((m,n)) = n. Now, let us verify
that the above property holds. Suppose that there exists P/, i/, and /' as above. Then, ¢ : P/ — P is
uniquely determined to be ¢(p) = (¢/(p), V' (p)). Thus, P satisfy the above universal property.

Now, we claim that any two products satisfying the universal property above are isomorphic.
To prove this, suppose that we have two products P; and Ps:

P1 T) M P2 T} M
ll,l and ll,z
N N

Then, by letting P, play the role of P and P; play the role of P’ gives a morphism ¢1 : P, — P»
making the following diagram commute.
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Similarly, there exists a morphism ¢o : P, — P; that makes the diagram above commute.

Now, we plug in P = P’ = Pj. Then, there exists a unique morphism P; — P; that commutes
with both i1 and 1. However, we can name two such morphisms: ¢2 o ¢1 and the identity map. Thus,
¢2 o ¢1 = idp,. Similarly, ¢1 o ¢p2 = idp,, so P, and P; are isomorphic.

Notice how this argument does not use the nature of our category C at all. Thus, if one changes
category C to other categories (e.g., Rings or R-Mod), then the exact same argument shows that any
two products are isomorphic. What’s left, however, is to show that product exists for each category that
you want to define a product.

» Polynomial Rings Let R be a ring. Then, the polynomial ring R[z] is the ring S with element
2 € S and morphism ¢ : R — S satisfying the following universal property: “for ring S’, element
y € S’, and any morphism ¢ : R — S’, there exists a unique morphism f : S — S’ such that f(z) =y
and the diagram

R
N
s 1 g

w w
T—Y

commutes”.

~/ Exercise A.2.1. Using the same argument as products, verify that the universal property
given above characterizes S up to isomorphism.

We now check that a ring .S satisfying the above universal property exists. To do this, we give the
usual construction: define
S={ap+az+---+ayz" :ag,a1,...,a, € R},

and the addition / multiplication operations are the standard polynomial addition / multiplication. Then,
for any S’ and ¢ satisfying the above, one can see that the map f : S — S’ is forced to be

flag+ a1z + -+ anz™) = dlao) + dlar)y + - - + dlan)y".

We leave the reader to check that this defines a valid morphism. To do this, one needs to check that it
is compatible under polynomial addition (easy) and multiplication (harder, but still straightforward).

» Universal Property in General In general, the recipe for defining an object through universal
properties is as follows.

1. Define the universal property.
2. Prove that this property characterizes an object up to an isomorphism (a routine process).

3. Give a construction of an object (possibly difficult).

In these notes, we will soon see examples (e.g., tensor product, Section 2.5) where Step 3. is nontrivial,
and therefore, the construction of the object itself makes it very hard to prove properties. When such
situation arises, we often forget about Step 3. and use universal properties to deduce properties about
that object.
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[} Remark A.2.2 (Towards Yoneda’s lemma).

In fact, one can formalize a theorem which says that “any universal property determines an
object up to isomorphism”. The result is Yoneda’s lemma, which require a little bit more
category theory to state than we want to do here (see [Leil4, §4.2] for more details).

As a starting point towards Yoneda’s lemma, let us rephrase the universal properties of
product and polynomial rings a little bit.

« (P, pu,v) is a product if for each P’, there exists a bijective corresondence between
{morphisms ¢ : P’ — P} <— {(morphisms ' : P’ — M and v': P' — N)}.
« (S, z) is a polynomial ring if for each .5’, there exists a bijective correspondence between
morphisms S — S’} +— {morphisms R — S’, image of z}.
p p g

In the first case, the universal property is classifying morphisms from any object to P, while in
the second case, the universal property is classifying morphisms from S to any object.

These represent two types of universal properties of X: properties classifying the set of
morphisms from X and properties classifying the set of morphisms to X. Yoneda’s lemma
states that, provided with some other mild conditions, properties of these two types classify
objects up to isomorphism.

§A.3 Topological Spaces

We give a quick review of topological spaces and topological notions used in commutative algebra.
['] Definition A.3.1.
A topological space (X, T) consists of

« aset X of points.

«asetT C2X of open sets
that satisfy the following conditions:

« () and X are bothin 7.

« for an arbitrary (possibly infinite, even uncountable) collection (U;);c; where U; € T,
we have | J;,.; U; € T.

« forany Uy,U; € T,wehave Uy NUz € T.

A set is closed if and only if its complement is open.

Originally, these terms are constructed to model geometric spaces such as R” or a torus (see [Mun00]
for more details). However, in algebra, we often borrow words from topology to describe structure that
may or may not have geometric meaning. The words necessary for commutative algebra are as follows.

£l Definition A.3.2.

Let (X, 7) be a topological space, and let S C X. Then, the induced topology on S is defined
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by the list of open sets

T ={VCS:V=UnS for some openset U € T }.

£ Definition A.3.3 (Bases).
Let (X, T) be a topological space. A collection of open sets B C T forms a bases if and only if

any open set in 7 can be written as a union of sets in 5.

El Definition A.3.4 (Connectedness and Quasicompactness).
A topological space (X, T) is said to be

. connected if () and X are the only subsets that are both closed and open (equivalently,
X cannot be partition into disjoint union of open sets Uy U Us).

« quasicompact if any open covering has a finite subcovering. In other words, for any
collection (U;);er such that | J,.; U; = X, there exists a finite subset J C I such that

U ies Ui =X,
i} Remark A3.5.
In some other contexts, the definition of quasicompact given above is the definition of com-

pact, but in some places, compact means quasicompact and Hausdorff. Thus, we use the word
quasicompact to make clear that we do not need Hausdorff condition.

/7 Exercise A.3.6. Prove that any closed subset (with its induced topology) of a quasicompact
space is quasicompact.
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B More About Free Resolutions

The goal of this appendix is to prove Theorem 10.2.3 (a), that TorZR(M, N) does not depend on the
choice of free resolution of N. To do this, we need to introduce a little more homological algebra.

§B.1 Chain Homotopy

First, we define morphism between two chain complexes.
£l Definition B.1.1 (Morphism between chain complexes).
Let C and D, be two chain complexes of R-modules. A morphism between two chain com-

plexes f : Cx — D, is the sequence of morphisms ..., fy, f1,... such that the following
diagram commutes

c 2 0y -2 0,
lf—l lfo lfl
D, -2 Dy 25 D,

This promotes the set of chain complexes of R-modules to be a category ch(R-Mod).

For any morphism f : C, — D,, you can check that f,, induces a map H,(f) : H,(C\) —
H,(D.,). (This makes H,, a functor H,, : ch(R-Mod) — R-Mod.) For any two maps f, g, we are
interested in the condition at which H,,(f) = H,(g). One sufficient condition is chain homotopy.

£l Definition B.1.2 (Chain homotopy).

Let C, and D, be two chain complexes of R-modules. A chain homotopy between two mor-
phisms f, g : C. — D, is a sequence of morphism h,, : C;,;, — D, ;1 such that

anJrlhn - hnflan = 0n — fn

If there exists such h, then we say that f and ¢ are chain homotopic.

~ Proposition B.1.3.

If h is a chain homotopy between f, g : C. — D, then H,(f) = H,(g) (as homomorphisms
from H, (C.) — Hy(D.)) for all n.

» Proof. Suppose that z € Ker(9,), i.e., 9,(z) = 0. We need to show that f(z) — g(z) € Im(9y+1).
To do this, we note that

9n(2) = fn(2) = On1(hn(2)) = hn1(0n(2)) = Ony1(hn(2)) € I Dy yy O
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¢B.2 Fundamental Theorem of Homological Algebra

~ Theorem B.2.1 (Fundamental theorem of homological algebra).

Let N and N’ be two R-modules. Let N, and N/ be free resolutions of N and N’. Then, any

morphism ¢ : N — N’ can be lifted to morphism between free resolutions a : N, —» N_.
Furthermore, any two lifts are chain homotopic.

» Proof. We use the following properties labeled (#) of free modules: if F' is a free module, then for
any surjective map f : P — @, it is possible to liftany map 7 : F' - Qto7w: ' — P

F
I, f’"
y

P—»f Q

(Aside: Modules with this property are called projective modules, and this is the only condition of N;
that we need to make this theorem works, so instead of free resolutions, you can use a more general
projective resolutions.) To verify this property, simply send a generator e; € F' to any element in

FH{w(ed)}).
Now, we prove the theorem.

Existence of a lift. First, we show existence by construction the map 51 : N; — N/ by induction.
In the base case, consider the following diagram

No —>» N

LN L

N ——» N’

Thus, we use (#) to find the map ;50 such that the diagram above commute.

Now, for the inductive step, suppose we have 51‘—1 : Nj—1 — N/_,. Let K;_1 = Ker(N;,_; —

N,_o) and K|_; = Ker(N/_; — N/_,) Then, ¢;_1 induces the map ¢;_1 : K;_1 — K,_;. Then, we
have the diagram

and again, we can use (#) to find 51 : N; = N/ so that the above diagram commutes.

Any two lifts are chain homotopic. We have to construct the chain homotopy. Consider two lifts
Y, : Ny, — N.. Let £ = ¢» — 7. We need h such that Oh — hO = {. We, again, do this by induction.
Ths base case is to find % so that the following diagram commutes:

_ Nog —>» N
ho oo leo lo
T <
Ny K Ny N’

This is done in two steps. First, note that the composition N — N} — N’ is zero map, so that
composition factors through K. Therefore, we get Ny — K. Then, use (#) again to find Ny — Nj.
Since the term h0 vanishes, we get that the chain homotopy condition is verified at 0.

Now, the inductive step is similar. We have the diagram
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- Ni
h T
/,i/” L J/ei"rhi—lai
T ¥
/ / /
Ni-"—l K'i+1 NZ

We have to construct h; such that 9;1h; — h;_10; = ¢;. To do this, we first note that

0; (fi + hi—lai) = 0;l; + 0;h;_10;

=V;_10; + 0;h;_10; (¢ commutes with boundary maps)
= (li—1 + Oihi—1)0;

= h;_20;_10; (chain homotopy definition)
= O’

s0 £; +h;_10; factors through K7 |, getting the map N; — K7 . Finally, use (#) to lift it to h;, giving
the desired chain homotopy condition. O

§B.3 Proof that Tor does not Depend on Free Resolution

We now prove Theorem 10.2.3 (a).

~/ Theorem B.3.1 (Tor does not depend on free resolution).

The functor Tor’ (M, N) (defined in Definition 10.2.1) does not depend on the choice of N,.

» Proof. Consider two free resolutions N, and N/ for N. Thus, by the fundamental theorem of homo-
logical algebra (Theorem B.2.1), the identity map id : N — N lifts to ¢ : N, — N, and ¢ : N, — N,.
Then, ¢po1p : N, — N, is alift of id as well. However, the identity map is one such liftlift of id, so ¢ o
is chain homotopic to identity.

Tensoring with M, we get two maps ¢ : M @ N, - M @ N, and ¢, : M @ N, - M ® N,.
Since everything is an additive functor, the chain homotopic condition is preserved through tensoring
with M. Thus, ¢, o 1, is chain homotopic to identity. Similarly, ¥, o ¢, is chain homotopic to identity.
Thus, by using Proposition B.1.3, H,,(¢.) and H,,(1).) provide isomorphism between H,,(M ® N,) ~
H, (M ® N'). This implies that Tor* (M, N) gives the same result for two resolutions N, and N/. []
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I-adic completion, 108, 110
[-adic filtration, 110
I-filtration, 110

p-primary, 89

n-th Tor functor, 140

n-th homology group, 138

additive functor, 25

algebra, 37

alternating pairing, 51
annihilator, 20

Artin-Rees lemma, 113
Artinian module, 73

Artinian ring, 73

ascending chain condition (ACC), 73
associated graded module, 117
associated graded ring, 117
associated prime, 85

base change, 38

bases, 155

bilinear, 32

blowup algebra, 113
blowup module, 113
bounded difference, 110

category, 151
Cayley-Hamilton Theorem, 21, 22
chain complex, 138

chain homotopic, 157

chain homotopy, 157
characteristic polynomial, 21
Chinese Remainder Theorem, 7
class group, 103

class number, 103

closed map, 61

closed points, 13

closed sets, 12, 154
codimension, 128
Cohen-Macaulay, 135
coherent sequences, 108
cokernel, 20

colimit, 28

commutative algebra, 1
commutes, 152

completion, 110
composition series, 121
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connected, 155
contraction, 3
contravariant functor, 152
coprime, 7

coproduct, 20
correspondence theorem, 4
covariant functor, 151
cyclic module, 21

Dedekind Domain, 98

depth, 135

descending chain condition (DCC), 73
determinant, 51

dimension, 68, 95

direct limit, 28

direct product, 20

direct sum, 20

directed system, 27, 28, 30
discrete valuation, 95

discrete valuation ring (DVR), 95
distinguished open set, 14
domain, 5

elliptic curve group law, 104
elliptic curves, 103
eventually polynomial, 124
exact, 23, 26

exact sequence, 23
extension, 3

exterior power, 51

faithfully flat, 145

fiber, 146, 148

field, 5

filtered, 30

filtration, 110

finite algebra, 57

finite module, 21

finite-type algebra, 57
finitely-generated algebra, 57
finitely-generated module, 21
finitely-presented module, 21
first isomorphism theorem, 5
flat module, 37

flat morphisms, 137

formal series ring, 8
fractional ideal, 101
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Index

free module, 20

free resolution, 139
Frobenius morphism, 2
functor, 151

generic point, 13

genus, 103, 104
Going-down Theorem, 62
Going-up Theorem, 61
graded module, 113
graded ring, 113

graded rings, 113

height, 128

Hensel’s lemma, 111

Hilbert dimension, 121, 124
Hilbert Nullstellensatz, 67
Hilbert’s basis theorem, 76
Hilbert’s Nullstellensatz, 66
Hilbert-Samuel function, 124

ideal, 2

image, 20
indecomposable, 91
induced topology, 154
integral closure, 55
integral element, 53
integral extension, 55
integral morphism, 55
integrally closed, 55
inverse limit, 108
inverse system, 108
invertible, 101
irreducible, 6
irreducible topological space, 78

Jacobian, 104

kernel, 20
Krull dimension, 68, 121
Krull’s theorem, 9

left-derived functor, 137
left-exact, 26

length, 122

lies over, 59, 145

local morphism, 144

local ring, 9

localization at prime ideal p, 43
localization away from f, 43
localization of module, 46
localization of ring, 41
locally free, 49

Lying Over Theorem, 60

mapping property, 152

maximal ideal, 8

maximal irreducible closed set, 78
maximal spectrum, 12

minimal prime ideal, 16

module, 19

module homomorphism, 19
morphism, 157

morphisms, 151
multiplicative set, 41

Nakayama’s lemma, 22, 23
nilpotent, 5

nilradical, 5, 10

Noether Normalization Lemma, 64
Noetherian module, 73
Noetherian ring, 73

Noetherian topological space, 77
normal, 55

number fields, 1

objects, 151
open sets, 12, 154

partially ordered set, 9
permanence of identities, 22
PID Structure Theorem, 21
polynomial ring, 2

poset, 9

primary decomposition, 90
primary ideal dimension, 121, 126
primary ideals, 85, 89

prime avoidance, 16

prime ideal, 8

principal, 101

principal ideal domain (PID), 6
principal ideals, 3

product of modules, 20
product ring, 2

projective, 40

projective modules, 158

pure tensors, 33

quasicompact, 155
quotient module, 19
quotient ring, 4

radical, 10

radical ideal, 10

rank, 49, 52

reduced, 5

reducible topological space, 78
Rees algebra, 113

regular local ring, 131
regular sequence, 135
residue field, 146

restriction of scalar, 20
right-exact, 26

ring, 1

ring morphism, 2

ring of integers, 53

ring of regular functions, 11

scheme, 12
separable, 99
short exact sequence, 24
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simple module, 121
small category, 30
snake lemma, 24
spectrum, 12

stable I-filtration, 110
stalk, 48

stalk-local property, 48
submodule, 19
subspace filtration, 112

tensor product, 33
topological space, 154
torsion element, 105
torsion module, 105
torsion-free, 105
totally ordered set, 9
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transcendence degree, 69

unique factorization domain (UFD), 6
unit, 5

universal mapping property, 152
universal property, 152

vanishing locus, 66
variety, 11

Yoneda’s lemma, 154

Zariski topology, 13
zero divisor, 5

zero ring, 1

Zorn’s lemma, 9



164 Index

- 164 -



Notations

(A : I) (colon fractional ideal), 101

(T) (ideal generated by set T), 3

(21,...,Tp) (ideal generated by 1, . ..

A[[Jf 1ye--s L

A[b] (smallest subring containing B), 53

A, (a chain complex), 138

A, (ideal of positive degree elements), 113

A, (a graded ring), 113

D(f) (distinguished open sets of Zariski topology),
14

H, (A.) (n-th homology group), 138

H, (f) (induced map of homology groups), 157

I1(Z) (ideal of functions vanishing at Z), 66

I + J (ideal addition), 3

1J (ideal multplication), 3

I M (submodule generated by ideal), 20

1S (extended ideal), 3

M /N (quotient module), 19

M ®pg N (tensor product), 33

My & --- @ M, (direct sum of modules), 20

M; X --+ X M, (product of modules), 20

M, (a graded module), 113

R/I (quotient ring), 4

R[f!

R]x] (polynomial ring), 2

R-Mod (the category of R-modules), 19

R x S (product ring), 2

RY (dual of locally free module), 50

R (free module), 20

Ry, (localization at p), 43

S~ (localization of ideal I), 43

S~LM (localization of a module), 46

S~!R (localization of a ring), 41

V(I) (closed set of Zariski topology), 13

Vi (J) (vanishing locus of ideal .J), 66

Ann(M) (annihilator of the module), 20

Ann(m) (annihilator of an element), 20

Ass(M) (associated primes), 85

C1 A (class group), 103

Coker ¢ (cokernel), 20

»Tn), 3
x]] (formal series ring), 117

. R + (localization away from f), 43
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End (M) (endomorphism module), 20

Frac R (fraction field), 42

Homp (M, N) (Hom module), 20

Hompg(P, @) (a covariant Hom functor), 25

Hompg(e, P) (a contravariant Hom functor), 25

Ker ¢ (kernel of module morphism), 20

Ker f (kernel of ring homomorphism), 3

Nil R (nilradical), 5

Spec R (spectrum of R), 12

® ¥ M (the tensor functor), 35

det P (determinant of locally free module), 51

dim A (dimension of a ring), 68

dimpyjppers R (Hilbert dimension), 124

dimg R (Krull dimension), 121

dimprimary 12 (primary ideal dimension), 126

grp M (associated graded module), 117

gr; A (associated graded ring), 117

K(p) (residue field), 146

mSpec R (maximal spectrum of R), 12

Rings (category of rings), 151

T A (group of invertible fractional ideal), 103

Ok (ring of integers), 53

Blp M (blowup module), 113

Bl; A (blowup algebra), 113

Im ¢ (image), 20

Mor(A B) (set of morphisms), 151

Tor® (M, N)) (n-th Tor functor), 140

Ch(R Mod) (category of chain complexes of
R-modules), 157

ht I (height), 129

obj C (set of objects), 151

¢# (induced map on Spec), 14

VI (radical ideal), 10

trdeg K/k (transcendence degree), 69

lg o1 M; (colimit), 28

gnn A, (1nverse limit), 108

RN (restriction of scalar), 20

[(M) (length of a module), 122

m @ n (pure tensor), 33
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